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Abstract

We study preferences for timing of resolution of objective uncertainty in a sim-
ple menu choice model with two stages of information arrival. We characterize
two general classes of utility representations called hidden action representations.
The representations can be interpreted as if an unobservable action is taken by the
individual (or by the malevolent nature, depending on whether the preference is
for early or late resolution of uncertainty) between the two periods. We illustrate
that our general representations allow for a richer class of preferences for timing
of resolution of uncertainty than was possible in Kreps and Porteus (1978), and
provide a unified framework for studying a variety of well-known preferences in the
literature. We show that subjective versions of the class of multi-prior preferences
(Gilboa and Schmeidler (1989)) and variational preferences (Maccheroni, Mari-
nacci, and Rustichini (2006)) overlap with the class of hidden action preferences
exhibiting a preference for late resolution of uncertainty. The costly contempla-
tion model (Ergin and Sarver (2009)) is characterized as a special case of the class
of hidden action preferences exhibiting a preference for early resolution of uncer-
tainty. A generalization of the Kreps and Porteus (1978) model that allows for
preference for flexibility in the sense of Dekel, Lipman, and Rustichini (2001) is
also characterized.
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1 Introduction

This paper considers several new classes of dynamic preferences, providing representa-
tions for preferences for both early and late resolution of uncertainty. These preferences
are examined in a simple menu-choice model with two-stage objective uncertainty. We
axiomatize two hidden action representations corresponding to preferences for early and
late resolution of uncertainty, and we show that, under a minimality condition, these
representations are uniquely identified from the preference. In other words, preferences
for early and late resolution of uncertainty can be interpreted as arising from the pres-
ence of an unobserved (hidden) action that can be taken between the resolution of the
first and second period objective uncertainty.*

It is well known that an individual may prefer to have uncertainty resolve at an
earlier date in order to be able to condition her future actions on the realization of this
uncertainty. For example, an individual may prefer to have uncertainty about her future
income resolve earlier so that she can smooth her consumption across time. Suppose an
individual has the possibility of receiving a promotion with a substantial salary increase
several years into the future. If she is able to learn the outcome of that promotion
decision now, then even if she will not actually receive the increased income until a later
date, she may choose to increase her current consumption by temporarily decreasing
her savings or increasing her debt. On the other hand, if she is not told the outcome of
the promotion decision, then by increasing her consumption now, she risks having larger
debt and hence suboptimally low consumption in the future. In this example, changing
the timing of the resolution of uncertainty benefits the individual by increasing her
ability to condition her choices on the outcome of that uncertainty.

Kreps and Porteus (1978) considered a broader class of dynamic preferences that
allow for a preference for early (or late) resolution of uncertainty even when the indi-
vidual’s ability to condition her (observed) actions on the outcome of this uncertainty
is unchanged. For example, suppose the individual described above has no current sav-
ings and is unable to take on debt. Then, if she learns the outcome of the promotion
decision now, she still is unable to increase her current consumption. Even in this case,
the preferences considered by Kreps and Porteus (1978) allow the individual to have a
strict preference for that uncertainty to resolve earlier (or later). This additional time-
preference for the resolution of uncertainty has proved quite useful in applications, in
particular, in macroeconomic models of asset pricing and business cycles.

The setting for our model is a simple two-stage version of the model considered by

!Similar observations were made by Kreps and Porteus (1979) and Machina (1984). We discuss how
their models fit into our general class of preferences in Section 4.3.



Kreps and Porteus (1978). However, we allow for more general axioms, which permits
us to model a richer set of preferences exhibiting a preference for early or late resolution
of uncertainty. In particular, we relax the Strategic Rationality Axiom of Kreps and
Porteus (1978) (see Axiom 7) to allow for a preference for flexibility as in Kreps (1979)
and Dekel, Lipman, and Rustichini (2001, henceforth DLR). We are able to represent
this general class of preferences for early and late resolution of uncertainty as if there is
an unobserved (hidden) action that can be taken between the resolution of the first and
second period objective uncertainty. In the case of a preference for early resolution of
uncertainty, this hidden action can be thought of as an action chosen by the individual.
Thus, the individual prefers to have objective uncertainty resolve in the first period so
that she can choose this action optimally. In the case of a preference for late resolution of
objective uncertainty, this hidden action could be thought of as an action chosen by the
(malevolent) nature. In this case, the individual prefers to have objective uncertainty
resolve in the second period, after this action has been selected by nature, so as to
mitigate natures ability to harm her.

This paper not only provides representations for a more general class of preferences
for early and late resolution of uncertainty, but also provides new ways to understand
and interpret these temporal preferences. Our hidden action model is general enough
to encompass the subjective versions of a number of well-known representations in the
literature: the multiple priors model of Gilboa and Schmeidler (1989), the variational
preferences model of Maccheroni, Marinacci, and Rustichini (2006), the costly contem-
plation model of Ergin and Sarver (2009), and a version of the temporal preferences
model of Kreps and Porteus (1978) extended to allow for subjective uncertainty as in
DLR (2001). We identify the preference for temporal resolution of uncertainty implied
by each of these representations as well as their additional behavioral implications over
the hidden action model. The general framework in this paper provides a unification of
these well-known representations and provides simple axiomatizations.

2 The Model

Let Z be a finite set of alternatives, and let A(Z) denote the set of all probability
distributions on Z, endowed with the Euclidean metric d (generic elements p,q,r €
A(Z)). Let A denote the set of all closed subsets of A(Z), endowed with the Hausdorff
metric:

dn(A, B) = max {rgg min d(p, q), max min d(p, q)} :



Elements of A are called menus (generic menus A, B,C € A). Let A(A) denote the
set of all Borel probability measures on .4, endowed with the weak™ topology (generic
elements P, Q, R € A(A)).2 The primitive of the model is a binary relation >~ on A(A),
representing the individual’s preferences over lotteries over menus.

We interpret 2~ as corresponding to the individual’s choices in the first period of
a two-period decision problem. In the beginning of period 1, the individual chooses a
lottery P over menus. Later in period 1, the uncertainty associated with the lottery
P is resolved and P returns a menu A. In the unmodeled period 2, the individual
chooses a lottery p out of A. Later in period 2, the lottery p resolves and returns an
alternative z. We will refer to the uncertainty associated with the resolution of P as the
first-stage uncertainty, and will refer to the uncertainty associated with the resolution
of p as the second-stage uncertainty. Although the period 2 choice is unmodeled, it will
be important for the interpretation of the representations.

Our model is a special case of Kreps and Porteus (1978) with only two periods and
no consumption in period 1.2 A lottery P € A(A) over menus is a temporal lottery
(Kreps and Porteus (1978)) if P returns a singleton menu with probability one. An
individual facing a temporal lottery makes no choice in period 2, between the resolution
of first and second stages of the uncertainty. Note that the set of temporal lotteries can
be naturally associated with A(A(Z)).

For any A,B € A and a € |0, 1], the convex combination of these two menus is
defined by aA+ (1 —a)B={ap+ (1 —a)g:p € Aand q € B}. We let co(A) denote
the convex hull of the menu A and let 04 € A(A) denote the degenerate lottery that
puts probability 1 on the menu A. Then, ads + (1 — a)dp denotes the lottery that puts
probability o on the menu A and probability 1 — o on the menu B. Finally, for any
continuous function V : A — R and P € A(A), we let Ep[V] denote the expected value
of V under the lottery P, i.e., Ep[V] = [, V(A) P(dA).

3 (General Representations

We will impose the following set of axioms in all the representation results in the paper.
Therefore, it will be convenient to refer to them altogether as Axiom 1.

2Given a metric space X, the weak* topology on the set of all finite signed Borel measures on X is
the topology where a net of signed measures {pq}tqcp converges to a signed measure p if and only if
Jx [ paldz) — [y f p(dx) for every bounded continuous function f: X — R.
The same model is also used in Epstein and Seo (2007) and in Section 4 of Epstein, Marinacci and
Seo (2007).



Axiom 1

1. (Weak Order): 7 is complete and transitive.

2. (Continuity): The upper and lower contour sets, {P € A(A) : P = Q} and
{Pe A(A): P =Q}, are closed in the weak™ topology.

3. (First-Stage Independence): For any P,Q, R € A(A) and o € (0,1),

P-@Q = aP+(l-—a)R>aQ+(1—a)R.

4. (L—-Continuity): There exist A*, A, € A and M > 0 such that for every A, B € A
and o € [0, 1] with o > Mdp(A, B),

(1 — Oé)(SA + ad g+ z (1 — Oz)(SB +ady,.
5. (Indifference to Randomization (IR)): For every A € A, 64 ~ Oco(a)-

Axioms 1.1 and 1.2 are standard. Axiom 1.3 is the von Neumann-Morgenstern
independence axiom imposed with respect to the first-stage uncertainty. Axioms 1.1-
1.3 ensure that there exists a continuous function V' : A — R such that P 7 @ if
and only if Ep[V] > Eg[V]. Given Axioms 1.1-1.3, Axiom 1.4 is a technical condition
implying the Lipschitz continuity of V.* Axiom 1.5 was introduced in DLR (2001). It
is justified if the individual choosing from the menu A in period 2 can also randomly
select an alternative from the menu, for example, by flipping a coin. In that case, the
menus A and co(A) offer the same set of options, and hence they are identical from the
perspective of the individual.

The next two axioms from Kreps and Porteus (1978) will be key in our representation
results.

Axiom 2 (Preference for Early Resolution of Uncertainty (PERU)) Forany A, B €
A and a € (0,1),
Oé(SA + (1 - a)5B i 5@A+(1—a)B~

Axiom 3 (Preference for Late Resolution of Uncertainty (PLRU)) Forany A, B €
A and o € (0,1),
6aA+(1—a)B ?\: 05514 + (1 - Oé)(SB.
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Figure 1: Timing of Resolution of Uncertainty with Temporal Lotteries

To understand Axioms 2 and 3, suppose first that A = {p} and B = {q} for some
p,q € A(Z). In this case, period 2 choice out of a menu is degenerate, and the two
equations above are statements about the preference between the temporal lotteries
adpy+(1—a)diqy and Sagp+(1-a){qy- The temporal lottery ad,y +(1—a)dgg) corresponds
to the first tree in Figure 1, in which the uncertainty regarding whether lottery p or ¢
is selected resolves in period 1. The temporal lottery dqofp1+(1—a){q} corresponds to the
second tree in Figure 1, in which the same uncertainty resolves in period 2.5 PERU
requires a weak preference the first temporal lottery, whereas PLRU requires a weak
preference for the second temporal lottery.

In the general case where A and B need not be singletons, the interpretations of
PERU and PLRU are more subtle, since dqat+(1—a)p and ada + (1 — a)dp involve non-
degenerate period 2 choices. Note that in ads + (1 — a)dp, the uncertainty regarding
whether the menu A or B is selected resolves in period 1, before the individual makes
her choice out of the selected menu. On the other hand, in d444(1-a)p NO uncertainty
is resolved in period 1. The period 2 choice of a lottery ap + (1 — a)q from the convex
combination menu aA+ (1 —«)B is identical to a pair of choices p € A and ¢ € B, where
after the individual chooses (p, q), p is selected with probability o and ¢ is selected with
probability 1 — a.. Therefore, the period 2 choice out of the menu oA + (1 — o) B can
be interpreted as a complete contingent plan out of the menus A and B.

The key distinction between the two lotteries over menus is that in daa4(1—a)p the
period 2 choice is made prior to the resolution of the uncertainty regarding whether the

4In models with preferences over menus over lotteries, analogous L—continuity axioms can be found
in Dekel, Lipman, Rustichini, and Sarver (2007, henceforth DLRS), Sarver (2008), and Ergin and Sarver
(2009).

5In both temporal lotteries, the remaining uncertainty, i.e., the outcome of p conditional on p being
selected and the outcome of ¢ conditional on ¢ being selected, is resolved in period 2.



choice from A or the choice from B will be implemented, whereas in ads + (1 — a)dp
the same uncertainty is resolved in period 1 before the individual makes a choice out of
the selected menu. Therefore, PERU can be interpreted as the individual’s preference
to make a choice out of the menu after learning which menu is selected, whereas PLRU
is the individual’s preference to make her choice out of the menus before learning which
menu is selected.

We will also characterize the special case of our representation where the individual
has a weak preference for larger menus.

Axiom 4 (Monotonicity) For any A,B € A, A C B implies 0p = d4.

Since expected-utility functions on A(Z) are equivalent to vectors in R? | we will use
the notation u(p) and u - p interchangeably for any expected utility function u € RZ.
We define the set of normalized (non-constant) expected-utility functions on A(Z) to be

U:{UERZ:ZUZ:O,Zuizl}.

z€Z 2€Z

We are ready to introduce our general representations:®

Definition 1 A Mazimum [Minimum] Hidden Action (maxz-HA [min-HA]) representa-
tion is a pair (M, ¢) consisting of a compact set of finite signed Borel measures M on
U and a lower semi-continuous function ¢ : M — R such that:

1. P @ if and only if Ep[V] > Eg[V], where V' : A — R is defined by Equation
(1) ()}

V) = o ([ ) ) ~ ) 1)
V) = iy ([ macu(o) utan) + o) @)

2. The set M is minimal: For any compact proper subset M’ of M, the function V"’
obtained by replacing M with M’ in Equation (1) [(2)] is different from V.

The pair (M, c) is an HA representation if it is a max-HA or a min-HA representation.
An HA representation (M, c) is monotone if all measures in M are positive.

SNote that we endow the set of all finite signed Borel measures on U with the weak* topology (see
footnote 2).



Before we interpret the representations, we will first argue that after appropriately
renormalizing the set of ex post utility functions, one can reinterpret the integral term
in Equations (1) and (2) as an expectation. More specifically, suppose that p is a
nonnegative measure with A = pu(U) > 0. Consider the probability measure 7w on
YV = MU which (heuristically) puts pu(u)/A weight on each v = Au € V. Then, by
a simple change of variables, the above integral can be rewritten as the expectation
J, maxpe4 v(p)w(dv) which can be interpreted as follows. The individual anticipates
that her ex post utility functions will be distributed according to 7. Conditional on each
realization of her ex post utility v € V, she will chose a lottery in A that maximizes v. She
aggregates across different possible realizations of v by taking expectation with respect
to m.” Therefore, each measure p can be interpreted as a reduced-form representation
of the individual’s subjective uncertainty about her ex post (period 2) utility function
over A(Z). We conjecture that analogous interpretations are possible if p is a signed
measure, by introducing regret and temptation to the current framework.®

We next interpret Equation (1). In period 1, the individual anticipates that after
the first-stage uncertainty is resolved but before she makes her choice in period 2, she
will be able to select an action p from a set M. Each action p affects the distribution
of the individual’s ex post utility functions over A(Z), at cost ¢(p). As argued in the
above paragraph, the integral in Equation (1) can be interpreted as a reduced-form
representation for the value of the action u when the individual chooses from menu A,
which is linear in the menu A. For each menu A, the individual maximizes the value
minus cost of her action.

The interpretation of Equation (2) is dual. In period 1, the individual anticipates
that after the first-stage uncertainty is resolved but before she makes her choice in
period 2, the (malevolent) nature will select an action p from a set M. The individual
anticipates the nature to chose an action which minimizes the value to the individual
plus a cost term. The function ¢ can be interpreted as being related to the pessimism
attitude of the individual. For constant ¢, she expects the nature to chose an action
that outright minimizes her utility from a menu. Different cost functions put different

restrictions on the individual’s perception of the malevolent nature’s objective.”

"It is noteworthy that any probability measure 7’ such that p and 7’ are absolutely continuous with
respect to each other can be used in the above argument. The reason is that, heuristically, in the HA-
representations, the weight p(u) on the ex post utility function u captures both the cardinality of the
ex post utility and its probability, and these two effects cannot be separated from behavior as in models
with state dependent utility. See Kreps (1988) for an elaborate discussion of the state-dependence issue.

8See Sarver (2008), Gul and Pesendorfer (2001), and DLR. (2009).

9While we do not suggest that there literally exists a malevolent nature, it is a useful way to interpret
a pessimistic or ambiguity averse attitude on the part of the decision-maker. This interpretation of the
cost function is due to Maccheroni, Marinacci, and Rustichini (2006), whose results we discuss in more



In the above representations, both the set of available actions and and their costs
are subjective in that they are part of the representation. Therefore M and ¢ are
not directly observable to the modeler and need to be identified from the individual’s
preferences. Note that in both Equations (1) and (2), it is possible to enlarge the set of
actions by adding a new action u to the set M at a prohibitively high cost ¢(u) without
affecting the equations. Therefore, in order to identify (M, c) from the preference, we
also impose an appropriate minimality condition on the set M.

We postpone more concrete interpretations of the set of actions and costs to the
discussion of the applications of HA-representations in the following section. We are
now ready to state our general representation result.

Theorem 1 A. The preference 7, has a max-HA [min-HA] representation if and only
if it satisfies Aziom 1 and PERU [PLRU]J.

B. The preference - has a monotone maz-HA [min-HA] representation if and only
if it satisfies Aziom 1, PERU [PLRU], and monotonicity.'”

The special case of HA representations satisfying indifference to timing of resolution
of uncertainty (i.e., both PERU and PLRU) are those where M is a singleton. In that
case, the constant cost can be dropped out from Equations (1) and (2), leading to an
analogue of DLR (2001)’s additive representation where the individual is risk neutral
with respect to the first-stage uncertainty.

We next give a brief intuition about Theorem 1.A. Axiom 1 guarantees the existence
of a Lipschitz continuous function V' : A — R such that V(co(A)) = V(A) and P =7 Q
if and only if Ep[V] > Eg[V]. In terms of this expected utility representation, it is easy
to see that PERU corresponds to convexity of V' and PLRU corresponds to concavity
of V. The set A¢ of convex menus can be mapped one-to-one to the set > of support
functions, preserving the metric and the linear operations. Therefore, by using the
property V(co(A)) = V(A) and mimicking the construction in DLR (2001), V' can be
thought of as a function defined on the subset ¥ of the Banach space C(U) of continuous
real-valued functions on «. We then apply a variation of the classic duality principle that
convex [concave| functions can be written as the supremum [infimum]| of affine functions
lying below [above| them.!! Finally, we apply the Riesz representation theorem to write
each such continuous affine function as an integral against a measure p minus [plus]

detail in Section 4.1.

10Tn part B, IR can be dropped for the case of the max-HA representation because it is implied by
weak order, continuity, first-stage independence, PERU, and monotonicity.

11See Rockafellar (1970), Phelps (1993), and Appendix A of the current paper for variations of this
duality result.



a scalar ¢(p). Theorem 1.B states that additionally imposing monotonicity guarantees
that all measures in the HA representation are positive.

We show that the uniqueness of the HA representations follows from the affine
uniqueness of V' and a result about the uniqueness of the dual representation of a convex
function in the theory of conjugate convex functions (see Theorem 11 in Appendix A).
A similar application of the duality and uniqueness results can be found in Ergin and
Sarver (2009).

Theorem 2 If (M,c) and (M',c) are two maz-HA [min-HA] representations for -,
then there exist a > 0 and § € R such that M' = aM and ¢ (ap) = ac(p) + B for all
e M.

4 Applications

4.1 Multiple Priors and Variational Preferences

A preference for late resolution of uncertainty could arise if an individual would like
to delay the resolution of objective lotteries for hedging reasons. In this section, we
formalize this intuition by showing that the monotone min-HA model is equivalent to
two representations that have natural interpretations in terms of ambiguity-aversion.
The following multiple-priors representation allows for ambiguity regarding the distri-
bution over ex post subjective states and is intuitively similar to the multiple-priors
representation proposed by Gilboa and Schmeidler (1989) in the Anscombe-Aumann
setting.

Definition 2 A Subjective-State-Space Multiple-Priors (SSMP) representation is a quadru-
ple (2, F),U,II) where § is a state space endowed with the o-algebra F, U :  — R?

is a Z—dimensional, F—measurable, and bounded random vector, and II is a set of prob-
ability measures on (§2,F), such that P 7 @ if and only if Ep[V] > Eg[V], where

V : A — Ris defined by

V(A) =min [ maxU(w) - p 7m(dw), (3)

well ) pEA

and the minimization in Equation (3) has a solution for every A € A.

The next representation is similar in spirit to the variational representation consid-
ered by Maccheroni, Marinacci, and Rustichini (2006) in the Anscombe-Aumann setting.

9



Definition 3 A Subjective-State-Space Variational (SSV) representation is a quintuple
((Q, F),U, 1, c) where Q is a state space endowed with the o-algebra F, U : Q — RZ is
a Z—dimensional, F—measurable, and bounded random vector, II is a set of probability
measures on (£, F), and ¢ : IT — R is a function, such that P = @ if and only if
Ep[V] > Eg[V], where V : A — R is defined by

V(A) = min ( max U(w) - p w(dw) + c(ﬂ)) , (4)

mell QO pEA

and the minimization in Equation (4) has a solution for every A € A.12

The SSV representation generalizes the SSMP representation by allowing a “cost”
c¢() to be assigned to each measure 7 in the representation. In the Anscombe-Aumann
setting, the class of variational preferences considered by Maccheroni, Marinacci, and
Rustichini (2006) is strictly larger than the class of multiple-prior expected-utility pref-
erences considered by Gilboa and Schmeidler (1989). However, we show that in the
current setting, the SSMP and SSV representations are equivalent in the sense that the
set of preferences that can be represented using an SSMP representation is precisely the
set of preferences that can be represented using an SSV representation. The reason for
this equivalence in the subjective versions of the representations is the state-dependence
of the utility functions in the representations. The following Theorem formalizes this
claim and, moreover, states that a preference 7~ can be represented by one of these
representations if and only if it has a monotone min-HA representation.

Theorem 3 Let V : A — R. Then, the following are equivalent:

1. There exists a monotone min-HA representation such that V' is given by Fqua-
tion (2).

2. There exists an SSMP representation such that 'V is given by Equation (3).

3. There exists an SSV representation such that V is given by Equation (4).

12Note that for simplicity, we directly assume in the SSMP and SSV representations that the mini-
mization in Equations (3) and (4) have a solution. One alternative approach that does not require this
indirect assumption on the parameters would be to replace the minimums in Equations (3) and (4) with
infima, in which case Theorem 3 would continue to hold. A second alternative is to impose topological
assumptions on the parameters that would guarantee the existence of a minimum, for instance assuming
that  is a metric space, F is the Borel o—algebra on 2, U is continuous, IT is weak*-compact, and ¢
is lower semi-continuous.

10



The following immediate corollary provides the axiomatic foundation for the SSMP
and SSV representations.

Corollary 1 A preference = has a SSMP representation if and only if it has a SSV
representation if and only if it satisfies Axziom 1, PLRU, and monotonicity.

We next outline the intuition behind Theorem 3 for the case where in the min-HA,
SSMP, and SSV representations, the sets M, II, Q are finite, F = 2, and the measures
in M have finite support. In this special case, the compactness, lower semi-continuity,
measurability, and boundedness properties in the representations are automatically sat-
isfied.

First consider (1) = (3). Fix a monotone min-HA representation (M, ¢), and define
V' by Equation (2). Take any p € M, and define a measure 7, on the set p(U)U by
mu(v) = % for v = p(U)u, u € U. This transformation ensures that 7, is a probability

measure. Moreover, since 7, (v)v = pu(u)u for v = p(U)u, for any A € A,

it ) = | o) )
Let Q = U, cp (@)U, and define U : Q — R? by U(w) = w. Let IT = {m, : p € M}
and ¢(m,) = c¢(p). Then, V' can be expressed in the following SSV form:

V(A) = min ( Qrileajc U(w) - p m(dw) + c(w)) :
The idea of this construction is identical to the interpretation we gave for the integral
term in the HA-representations: Since utility is state-dependent, the weight of the states
in the linear aggregator cannot be uniquely pinned down, and integration against the
positive measure p can be reexpressed as integration against a probability measure 7,
after appropriately rescaling the state-dependent utility functions.

To see the intuition for (3) = (2), consider an SSV representation ((£2,F), U, 11, ¢),
and define V by Equation (4). Let Q = Qx I and F = 22, Let 1 € RZ denote the vector
whose coordinates are equal to 1, and define U : Q@ — R by U(w,7) = U(w) + ¢(7)1
for any w = (w,7) € Q). Take any probability measure = € II, and define a new measure
pron Q by pr(w,m) = m(w) and py(w, ') = 0 for any 7’ # 7. It is immediate that p, is

11



a probability measure on (2, F). Also, for any A € A,

max U(D) - p pr(do) = / {max Uw) -p+c(r)| pr(dw,dr’)
q pea QxI | PeA

= i I;I)leaAX U(w) - p m(dw) + c().

Letting IT = {p= : ™ € I}, we see that V' can be expressed in the following SSMP form:

V(A) =min | maxU(@) - p p(dd).
pell Jg pEA
The idea behind this argument is also a consequence of state-dependence of utility which
allows any constant to be absorbed in the integral term. Above, integration against the
probability measure 7 plus the constant ¢(m) is reexpressed as integration against the

probability measure p, whose support is a subset of states in {2 x {m} where the utility
functions are “shifted” by c¢(m)1.

To see the intuition for (2) = (1), consider an SSMP representation ((2, F), U, II),
and define V' by Equation (3). By the definition of U, since U(w) is an expected-utility
function for each w € €, there exist u(w) € U, a(w) > 0, and B(w) € R such that

U(w) = a(w)u(w) - p+ B(w)1.

For each m € II, define the measure pir on U by pr(w) =3 cq.u(w)—u ¢(w)T(w) for each
u € U. Define the function ¢ : IT — R by ¢(7) = > . B(w)7(w). Then, for any A € A,

maxU(w) -p m(w) = ) maxfu(w) - pl a(w)m(w) + > Blw)m(w)
weN weN weN

-/ 12513}u(p)pm(du) + c().

Let M = {yu, : m € I} and let é(u) = inf{c(w) : # € Il and p, = p}. Then, V can be

expressed in the following min-HA form:

V(A) = min ( max u(p) u(du) + 5(u)>. (5)

HneM U peEA

It can also be shown that sequentially removing measures from M that are not strictly
optimal in Equation (5) for some A € A leads to a minimal set of measures M’ C M.

12



Our SSMP representation bears some similarity to a representation considered by
Epstein, Marinacci and Seo (2007, Theorem 1). One main distinction between our
representation and theirs is that they impose a normalization on the state-dependent
utility function in their representation. As the above arguments illustrate, the key to
the equivalence proposed in Theorem 3 is the state-dependence of the utility functions
in the SSMP and SSV representations. If a normalization as in Epstein, Marinacci and
Seo (2007) were imposed on the utility functions in the SSV and SSMP representations,
then the equivalence of these representations would no longer hold, as it would not be
possible to “absorb” the cost function of the SSV representation into the utility function
to obtain an SSMP representation. Moreover, although these representations would
continue to be special cases of the monotone min-HA representation, it would not be
possible to write every monotone min-HA representation as an SSV representation since
it would not always be possible to “absorb” the magnitude of the measure into the utility
function. Theorem 3 illustrates that imposing either a normalization on utility functions
(as in the min-HA representation) or a normalization that measures be probabilities
(as in the SSMP and SSV representations) is not restrictive; however, imposing both
normalizations simultaneously would place a non-trivial additional restriction on the
representations.

4.2 Costly Contemplation

A special case of the max-HA representation is one of subjective information acquisi-
tion/costly contemplation, where the measures in M can be interpreted as a reduced-
form representation of the individual’s information about her tastes and the integral
term [, maxpyea u(p) pu(du) can be interpreted as the ex ante value of information g
given menu A. In this application, we need to additionally impose the following axiom:

Axiom 5 (Reversibility of Degenerate Decisions (RDD)) Forany A € A, p,q €
A(Z), and « € [0,1],

Bdaat-ayipy + (1 = B)dggy ~ Bdaat1-ayiqr + (1 — B)dgp

where f=1/(2 — «).

We will call a choice out of a singleton menu as a degenerate decision. To interpret
Axiom 5, consider Figure 2. The first tree represents 30qa+1—a){p} + (1 — 5)d(q}, where
the individual makes a choice out of the menu A + (1 — a){p} with probability 3, and
makes a degenerate choice out of the menu {¢q} with probability 1 — . A choice out of

13



choice p q choice q

from A from A

]

Figure 2: Reversibility of Degenerate Decisions (8 = 1/(2 — «))

the menu oA + (1 — a){p} can be interpreted as a contingent plan, where initially in
period 2 the individual determines a lottery out of A, and then her choice out of A is
executed with probability o and the fixed lottery p is executed with the remaining 1 — «
probability. Similarly, the second tree represents $dqa+(1-a)fq} + (1 — 3)dgp Where the
roles of p and ¢ are reversed.

If one interprets the individual’s behavior as one of costly contemplation/subjective
information acquisition, then her optimal contemplation strategy might change as the
probability « that her choice out of A is executed changes since her return to contempla-
tion will be higher for higher values of a. However, since the probability that her choice
out of A will be executed is the same in both a4 + (1 — a){p} and ad + (1 — a){q},
it is reasonable to expect that her contemplation strategy would be the same for both
contingent planning problems, although she need not be indifferent between dq 41(1-a){p}
and 0qa+(1-a){q) depending on her preference between dy,) and dgyy. The RDD axiom
requires the individual to be indifferent between the two trees in Figure 2 when the prob-
abilities of the paths leading to lotteries p and ¢ are the same, i.e., when f(1—«a) =1-0
or, equivalently, 5 =1/(2 — a).

Given a max-HA representation (M, c), we show that RDD is equivalent to the
following consistency requirement on the set of measures M:

Definition 4 A Reduced-Form Costly Contemplation (RFCC) representation is a max-
HA representation (M, c) where the set M is consistent: For each p,v € M and
p € A(Z),

[ o)t = [ i) vt

u
An RFCC representation (M, ¢) is monotone if all the measures in M are positive.

14



We show in Ergin and Sarver (2009) that the consistency condition above is key
for the interpretation of the max-HA representation as a subjective information acqui-
sition problem. More specifically, V' satisfies Equation (1) for some monotone RFCC
representation (M, c¢) if and only if

A) = E E ‘pl —
V(A) max ( {r}r)leajc [U]G] p} c(g)> (6)
where (Q, F, P) is a probability space, U :  — RZ is a random vector interpreted as the
individual’s state-dependent utility, G is a collection of sub-g-algebras of F representing
the set of signals that the individual can acquire, and ¢(G) denotes the cost of subjective
signal G € G.13

As a special case of the max-HA representation, the RFCC representation satisfies
PERU. However, it always satisfies indifference to timing of resolution of uncertainty
when restricted to temporal lotteries, i.e., for all p,q € A(Z) and « € (0, 1):

adpy + (1= a)digy ~ Sjapra-ay-"

Therefore, an individual with RFCC preferences never has a strict PERU unless if she
has non-degenerate choices in period 2.

We next present an RFCC representation theorem as an application of Theorem 1.
Since RFCC representation is a special case of the max-HA representation, the unique-
ness of the RFCC representation is immediately implied by the uniqueness of the max-
HA representation.

Theorem 4 A. The preference - has a RFCC representation if and only if it satisfies
Axiom 1, PERU, and RDD.

B. The preference 7 has a monotone RFCC representation if and only if it satisfies

13The costly contemplation representation in Equation (3) is similar to the functional form considered
by Ergin (2003), whose primitive is a preference over menus taken from a finite set of alternatives.

4This property can also be established directly as a consequence of RDD and first-stage indepen-
dence. Fix any p,q € A(Z) and « € (0,1). Letting 8 =1/(2 — «) and A = {p}, RDD implies

Béipy + (L= B)igy ~ Bofapti-aygy T (1 = B)dpy-

Since 8 =1/(2 — «) implies that 6 =1—+ «af and 1 — § = (1 — «)[3, the left side of this expression
is equal to (1 — 3)dgpy + @By + (1 — a)Bd,. Hence,

Bladppy + (1 —a)digy] + (1 =By ~ B (apt-—aygy + (1= B)d(p),

which, by first-stage independence, implies adg,y + (1 — a)dgq1 ~ Sfapt(1—a)q}-
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Axiom 1, PERU, RDD, and monotonicity.

4.3 Kreps and Porteus (1978) and DLR (2001)

In this section, we will introduce a generalization of Kreps and Porteus (1978) and DLR
(2001) additive representations, and characterize the intersection of this class with HA
preferences. The first axiom we consider is the standard von Neumann-Morgenstern
independence axiom imposed on the second-stage uncertainty. It is satisfied by RFCC
preferences, but not by SSMP and SSV preferences, since in the latter contexts the
individual may benefit from hedging even when she makes no choice in period 2.

Axiom 6 (Second-Stage Independence) For any p,q,r € A(Z), and o € (0, 1),
Oy = 0fgy = Ofapt(i—a)r} > Hagt(—ajr}-

Under weak order and continuity, the following axiom from Kreps (1979) guarantees
that the individual is indifferent between any menu and its best singleton subset. Kreps
and Porteus (1978) assume the same relationship between the individual’s ranking of

menus and alternatives.!®

Axiom 7 (Strategic Rationality) For any A,B € A, §4 72 dp implies 64 ~ dauB-

Suppose there exists a continuous function V' : A — R such that P = @ if and only
if Ep[V] > Eg[V]. Then, the preference 7~ satisfies strategic rationality if and only if

V(A) = maxV({p}). (7)

peEA
Thus, strategic rationality implies that the restriction of the individual’s preference to
temporal lotteries determines her entire preference. In particular, if such an individ-
ual is indifferent to timing of resolution of uncertainty when choosing among temporal

15To be precise, Kreps and Porteus (1978) consider both a period 1 preference - over first-stage
lotteries in A(A) and a period 2 preference 72 over second-stage lotteries in A(Z). It is easy to show
that imposing their temporal consistency axiom (Axiom 3.1 in their paper) on this pair of preferences
(z,72) implies that the period 1 preference 7 satisfies strategic rationality. Conversely, if the period
1 preference - satisfies strategic rationality along with continuity, then there exists some period 2
preference 7o such that the pair (77,7 2) satisfies their temporal consistency axiom. Moreover, in this

case, the period 1 preference - satisfies our second-stage independence axiom if and only if this period
2 preference 7o satisfies the substitution axiom of Kreps and Porteus (1978, Axiom 2.3).
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lotteries, then Equation (7) implies that she must always be indifferent to timing of res-
olution of uncertainty. This is in contrast with RFCC preferences, where the individual
is indifferent to timing of resolution of uncertainty when choosing among temporal lot-
teries, but may exhibit a strict PERU when she faces non-degenerate choices in period 2.
Although the setup of Kreps and Porteus (1978) is rich enough to distinguish between
attitudes towards timing of resolution of uncertainty for temporal lotteries (without pe-
riod 2 choice) and more general lotteries over menus (with period 2 choice), the fact that
they implicitly impose Axiom 7 throughout their analysis prevents them from doing so.

A second implication of strategic rationality is that it rules out a strict preference
for flexibility (Kreps (1979)), i.e., situations where the union of two menus is strictly
better than each menu separately: d4up = 04 and d4up > 0. The reason is that, by
Equation (7), the individual behaves as if she has no uncertainty in period 1 about her
ex post preference ranking over A(Z).

Kreps and Porteus (1978) considered the following representation:'6

Definition 5 A Kreps-Porteus representation is a pair (¢, v), where v is an expected-
utility function on A(Z) and ¢ : [a,b] — R is a Lipschitz continuous and strictly
increasing function on the bounded interval [a, b] = {v(p) : p € A(Z)}, such that P = @
if and only if Ep[V] > Eg[V], where V : A — R is defined by:

V(4) = ¢( maxv(p)). (8)

pEA

The following representation result is a special case of Theorem 1 in Kreps and
Porteus (1978):17

Theorem 5 The preference 2~ has a Kreps-Porteus representation if and only if it sat-
isfies Axiom 1, second-stage independence, and strategic rationality.

The intuition behind Theorem 5 is relatively straightforward. Axiom 1 implies there
exists a continuous function V' : A — R such that P 77 @Q if and only if Ep[V] > Eg[V].

16While this two-period model captures the essence of their representation, Kreps and Porteus (1978)
allowed for uncertainty to resolve in a finite number of periods and allowed for consumption in each
period. An infinite-horizon recursive formulation of this representation was considered by Epstein and
Zin (1989), who also considered several non-expected-utility generalizations.

1"The only difference is that Kreps and Porteus (1978) only require ¢ to be continuous. We ad-
ditionally require Lipschitz continuity of ¢ since we impose the L—continuity axiom throughout the
paper.
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Together with continuity, second-stage independence implies there exists an expected-
utility function v on A(Z) such that v(p) > v(q) <= dg Z dgg3- Since we also
have V({p}) > V({q}) <= 0y T dq, this implies there exists a strictly increasing
function ¢ such that V ({p}) = ¢(v(p)). By strategic rationality, V satisfies Equation (7),
and hence

V) = maxo (o) = o (maxo(r)
(A) =maxd(v(p)) = ¢( maxuv(p)

The following axiom from DLR (2001) is the standard independence requirement
applied to convex combinations of menus when there is no first-stage uncertainty:

Axiom 8 (Mixture Independence) For any A,B,C € A and a € (0,1),
04 =0p =  dadt(1-a)C ™ OaB+(1-a)C-

It is easy to see that mixture independence is stronger than second-period indepen-
dence, but in the presence of Axiom 1, it is weaker than the combination of second-period
independence and strategic rationality.

We next consider a class of representations that generalize the DLR (2001) additive
representation where there is no objective first-stage uncertainty, and Kreps and Porteus
(1978) representation where there is no subjective second-stage uncertainty. Unlike
the Kreps and Porteus (1978) representation, the following class of representations are
compatible with a strict preference for flexibility:

Definition 6 A Kreps-Porteus-Dekel-Lipman-Rustichini (KPDLR) representation is a
pair (¢, ), where p is a finite signed Borel measure on U and ¢ : [a,b] — R is a
Lipschitz continuous and strictly increasing function on the bounded interval [a,b] =
{J,, maxyea u(p) p(du) : A € A}, such that P Q if and only if Ep[V] > Eg[V], where
V : A — R is defined by:

Vi) = o [ maxutp () )

peEA

Note that the Kreps-Porteus representation corresponds to the special case of the
KPDLR representation in which p = o, for some v € U and a > 0.'® The following is
our KPDLR representation result:

181t is immediate that any KPDLR representation (¢, i) in which i = a4, for a > 0 can be written as
a Kreps-Porteus representation (¢, v) where v = au. Conversely, for any Kreps-Porteus representation
(¢,v), there exist u € U, o > 0, and B € R such that v(p) = au(p) + 8 for all p € A(Z). Let p = ad,.
Define constants @ = a— 3 and b = b— 3, and define a function ¢ : [a, 13] — R by (ﬁ(t) = ¢(t+ ). Then,
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Theorem 6 A. The preference 72 has a KPDLR representation if and only if it satisfies

Aziom 1 and mizture independence.'®

B. If the preference 7, has the KPDLR representation (¢, 1), then 7 satisfies PERU
[PLRU] if and only if ¢ is convex [concave].

It is easy to see that two KPDLR representations (¢, 1) and (¢, v) induce the same
preference if and only if there exists A, > 0 and 8 € R such that © = Av and
¢(t) = arp(t/X) + 3. Since it is possible to have [ u(p) p(du) = X [, u(p) v(du) for all
p € A(Z) even when p # Av, this implies in particular that in KPDLR representations,
the preference restricted to temporal lotteries does not determine the entire preference.
This is in contrast to Kreps-Porteus preferences which, by strategic rationality, are
determined entirely by their restriction to temporal lotteries.

However, like Kreps-Porteus preferences, KPDLR preferences impose a certain con-
sistency between attitudes towards timing of resolution of uncertainty for temporal
lotteries and more general lotteries. Specifically, Equation (9) implies that a prefer-
ence 27 with a KPDLR representation exhibits a PERU [PLRU] for temporal lotteries
if and only if it exhibits a PERU [PLRU] for lotteries over menus taken from the set
{A e A:d0q ~ by for some p € A(Z)}. In particular, if an individual’s preference
has a KPDLR representation and has the property that for every A € A there exists
ap € A(Z) such that 64 ~ dpp, then, as in the case of Kreps-Porteus preferences,
her attitude towards timing of resolution of uncertainty is determined entirely by her
attitude towards timing of resolution of uncertainty for temporal lotteries.

Not every KPDLR preference will have an HA representation, but the subclass sat-
isfying PERU or PLRU will. We next characterize the subclass of KPDLR preferences
which satisfies PERU and PLRU within the class of HA preferences.

Theorem 7 Let V : A — R and let u be a nonzero finite signed Borel measure on U.
Then, the following are equivalent:

1. There exists a KPDLR representation (¢, 1) with convex [concave] ¢ such that V
is given by Equation (9).

the KPDLR representation ((2), 1) gives the same value function for menus V as the Kreps-Porteus
representation (¢, v).

197t is not necessary to include indifference to randomization (IR) explicitly in this result since it is
implied by mixture independence. Similarly, since mixture independence is implied by the combination
of second-stage independence and strategic rationality, it is also not necessary to include IR explicitly
in Theorem 5.
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2. There exists a max-HA [min-HA] representation (M, c) such that V is given by
FEquation (1) [(2)] where:

(a) M C{A\u:AeR }.
(b) 0 is not an isolated point of M and if 0 € M then

) = e(0) _
N S ) A
) = e(0) _
S S

The (1) = (2.a) part of Theorem 7 suggests that if the KPDLR representation
satisfies PERU or PLRU, then it is possible to rewrite the function V' in Equation (9)
as an HA representation where all measures are multiples of the fixed measure p. In
the (2) = (1) part of Theorem 7, condition (2.a) ensures that the transformation ¢
in the KPDLR representation is nondecreasing. Condition (2.b) is merely a technical
regularity condition on the derivative of the cost function ¢ at 0 which ensures that ¢ is
strictly increasing.

To interpret the HA representation in part (2) of Theorem 7, consider the case of
a positive measure p, and consider again the probability measure 7 on V = pu(U)U
that (heuristically) puts weight 7(v) = p(u)/puld) on each v = pul)u € V. One
interpretation of part (2.a) is that all actions lead to the same distribution 7 over ex post
utilities in V), but each action A\u € M changes the magnitude of the ex post utilities
by a common scalar multiple A\.2° In the special case of Kreps-Porteus preferences,
all measures are degenerate and put their weight on the same ex post von Neumann-
Morgenstern utility function over A(Z). In this case, the individual has no uncertainty
about her ex post preference ranking over lotteries in A(Z), and different actions only
affect the strength of her ex post preference.

If a Kreps-Porteus preference - is non-trivial and satisfies PERU, then Theorem 7
implies that it has a max-HA representation (M, c¢) such that M C {\d, : A € R, }
for some v € U. Following the interpretation given above, define a set of actions by
A={)e€R;: N, € M} and a cost function ¢ : A — R by é(A) = ¢(Ad,). Then,

20Suppose without loss of generality that max{\ : Au € M} = 1. Then, one can also interpret each
action A € M to lead to the distribution 7 over V with probability A, and to the ex post preference
0 € RZ with probability 1 — . Under this interpretation, the choice of action affects the probability of
the 0 ex post preference, but not the conditional probability distribution 7 over V.
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Equation (1) for this max-HA representation simplifies to the following:?!

V(A) = max (I}Igleaj( Au(p) — c()\)> . (10)
This formulation of the max-HA representation allows for a direct comparison to the
results of Kreps and Porteus (1979). They considered a certain class of hidden action
representations and determined the conditions on the representation that result in the
corresponding preference 7~ being a Kreps-Porteus preference (i.e., satisfying the ax-
ioms of Kreps and Porteus (1978)). Specifically, Propositions 5 and 6 in Kreps and
Porteus (1979) show that a hidden action representation represents a Kreps-Porteus
preference if and only if it takes a functional form that is essentially equivalent to the
one in Equation (10).?? Their results (and, more generally, our Theorem 7) are useful for
determining the instances in which the Kreps-Porteus representation (or KPDLR rep-
resentation) can be used as a reduced-form representation for a hidden action model.?3
The following example from Kreps and Porteus (1979) illustrates:

Example 1 Consider a consumption-savings problem in which the individual faces lot-
teries over future (period 2) income. Let Z be a finite subset of R, denoting the possible
levels of period 2 income. Let ¢; and ¢y denote the levels of consumption in periods 1
and 2, respectively. If the individual consumes c¢; in period 1, then her period 2 con-
sumption when her realized period 2 income is 2 is ¢; = z — ¢;. Suppose the individual
has a continuous and additively-separable von Neumann-Morgenstern utility function
for consumption U(cy, co) = Uy(cq) + Ua(cg). Suppose that ¢; is chosen from some com-
pact interval C' after the realization period 1 uncertainty but before the realization of
period 2 uncertainty about income z. Defining A in the usual way for this set Z, the
induced preferences for lotteries over income have the following representation: For any
two lotteries P,@Q € A(A), P Q if and only if Ep[V] > Eg[V], where V : A — R is

#'Theorem 7 also implies that if 0 € A, then 0 is not an isolated point and &(0) = min,e(z) u(p).
As noted above, this condition implies that the mapping r — maxyea (Ar — é(\)) is strictly increasing
for all r € {u(p) : p € A(2)}.

2ZKreps and Porteus (1979) restricted attention to temporal lotteries, and therefore their represen-
tation did not include a period 2 choice of lottery p from a menu A. Kreps and Porteus (1979) also
allowed for consumption in period 1; this is possible in our model as well by making some minor changes
to the functional form of the representation.

23Tt has also been suggested that a preference for early resolution of uncertainty could arise from
anticipatory feelings. However, Epstein (2008) develops a model of anticipatory feelings and shows
that while such preferences can lead to non-indifference to temporal resolution of uncertainty, they are
not consistent with the model of Kreps and Porteus (1978) except in the trivial case of indifference to
timing of resolution of uncertainty.
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defined by
V(A) = max (Ul(cl) + %?}Z Us(z — cl)pz> .

e 2eZ

Kreps and Porteus (1979) observed that a sufficient condition for this representation to
take the form described in Equation (10) is that Us(ce) = — exp(—awcz) for some a > 0.
This can easily be seen by letting A = {exp(ac;) : ¢ € C}, defining ¢ : A — R by
¢(A) = —U1(£In())), and defining v € R? by u(z) = —exp(—az).?* Intuitively, if Us
has constant absolute risk aversion, then the choice of ¢; does not affect the individual’s
ranking of lotteries p over Z. This implies that the ex post expected-utility functions on
A(Z) resulting from the various choices of ¢; must be affine transformations of a single
fixed utility function, which is precisely the content of Equation (10).

One could ask a dual question to the one considered in Example 1: Instead of deter-
mining what conditions on U, are needed to ensure that the resulting preference over
A(A) is a Kreps-Porteus preference, we could ask whether there is a class of preferences
that can accommodate any choice of U,. Clearly, the class of all max-HA preferences is
sufficiently general for this purpose. However, notice that the induced preference in this
example will satisfy strategic rationality regardless of the choice of U,. The following
theorem illustrates that maintaining strategic rationality while relaxing second-stage
independence results in a natural generalization of Kreps-Porteus preferences that can

accommodate the preferences in Example 1 for any choice of parameters:?

Theorem 8 The preference - satisfies Axiom 1, strategic rationality, and PERU if and
only if it has a max-HA representation (M, c) such that M C {\6, : A € R ,u € U}.*

We now sketch the proof Theorem 8. Axiom 1 implies there exists a Lipschitz
continuous function V' : A — R such that P 77 Q) if and only if Ep[V] > Eq[V]. Strategic
rationality implies that V' satisfies Equation (7), and PERU implies that V' is convex.
Define f : A(Z) — R by f(p) = V({p}). Then, f is convex and V(A) = max,ea f(p).
By the same duality results as those used to prove Theorem 1, f can be expressed as
the maximum of the set of all affine function lying below it. Since affine functions on

24 Although this definition implies that u ¢ U, u can be normalized to be in U.

251t is well-known that second-stage independence will in general be violated if the individual takes a
payoff-relevant action prior to the resolution of uncertainty; for instance, see Markowitz (1959, Chap-
ters 10-11), Mossin (1969), and Spence and Zeckhauser (1972). The results of Kreps and Porteus (1979)
discussed above characterize precisely those special cases in which independence is not violated.

26Tt is not necessary to include IR explicitly in this result because it is implied by the combination
of weak order, continuity, first-stage independence, PERU, and strategic rationality.
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/A\(Z) are precisely expected-utility functions, this implies there exists a set ¥V C R?
such that f(p) = max,ey v(p). The observation that f can be given dual representation
of this kind is well-known; for example, see Machina (1984, Theorem 2).2” Therefore, if
> satisfies the axioms of Theorem 8, then V takes the following form:

peA veY peEA

V(A) = max f(p) = max (maxv(p)) . (11)

The final step of the proof is to transform the functional form in Equation (11) into
a max-HA representation. By the definition of U, for each v € V), there exist u € U,
A >0, and 8 € R such that v(p) = Mu(p)+ 3 for all p € A(Z). Thus, defining a measure
iy = Aoz and letting ¢(v) = —f, we have

max v(p) = | max u(p) po(du) — &(v).

Let M = {u, : v € V} and define ¢ : M — R by ¢(p) = inf{é(v) : p, = p}. Then,

Equation (11) can be written as

V(A) = max ( | max u(p) p(du) — C(u)> :

Therefore, (M, ¢) is a max-HA representation for »-.%8

2TOur motivation is also very similar to that of Machina (1984), who used this dual representation to
perform local expected-utility analysis in a model of induced preferences over temporal lotteries over
levels of future wealth.

28 A complete proof, including the arguments for obtaining a compact and minimal set M and a lower
semi-continuous function ¢, are contained in the appendix.
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Appendix

A Mathematical Preliminaries

In this section, we present some general mathematical results that will be used to prove our
representation and uniqueness theorems. Our main results will center around a classic duality
relationship from convex analysis. Throughout this section, let X be a real Banach space, and
let X* denote the space of all continuous linear functionals on X.

Definition 7 Suppose C C X. A function f : C — R is said to be Lipschitz continuous if
there is some real number K such that |f(z) — f(y)| < K||z — y|| for every z,y € C. The
number K is called a Lipschitz constant of f.

We now introduce the standard definition of the subdifferential of a function.

Definition 8 Suppose C' C X and f : C — R. For x € C, the subdifferential of f at x is
defined to be

Of(z) ={z" € X*: (y —x,2") < f(y) — f(z) for all y € C}.

The subdifferential is useful for the approximation of convex functions by affine functions.
It is straightforward to show that x* € Jf(x) if and only if the affine function A : X — R
defined by h(y) = f(z) + (y — z, x*) satisfies h < f and h(z) = f(x). It should also be noted
that when X is infinite-dimensional it is possible to have df(x) = () for some = € C, even
if f is convex. However, the following result shows that a Lipschitz continuous and convex

function always has a nonempty subdifferential:

Lemma 1 (Ergin and Sarver (2008)) Suppose C is a convez subset of a Banach space X .
If f: C — R is Lipschitz continuous and convez, then Of(x) # 0 for all x € C.

We now introduce the definition of the conjugate of a function.

Definition 9 Suppose C C X and f : C — R. The conjugate (or Fenchel conjugate) of f is
the function f*: X* — RU {400} defined by

fr(@") = sup [(z,2") — f(2)].

zeC

There is an important duality between f and f*. Lemma 2 summarizes certain properties
of f* that are useful in establishing this duality.?? We include a proof for completeness.

For a complete discussion of the relationship between f and f*, see Ekeland and Turnbull (1983)
or Holmes (1975). A finite-dimensional treatment can be found in Rockafellar (1970).
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Lemma 2 Suppose C' C X and f: C — R. Then,

1. f* is lower semi-continuous in the weak* topology.
2. f(x) > (x,z*) — f*(a*) for allz € C and z* € X*.
3. f(z) = (x,x*) — f*(x*) if and only if z* € Of (x).

Proof: (1): For any z € C, the mapping z* — (z,z*) — f(z) is continuous in the weak™*
topology. Therefore, for all a € R, {a* € X*: (z,2%) — f(z*) < a} is weak™ closed. Hence,

{z" e X" : f (z") <a}= ﬂ{:v* € X" (z,x") — f(z) < a}

zeC

is closed for all @ € R. Thus, f* is lower semi-continuous.
(2): For any z € C and z* € X*, we have

fr(@™) = sup [(y,2") = f(y)] = (z,2") — f(2),
yeC
and therefore f(z) > (x,z*) — f*(x™).
(3): By the definition of the subdifferential, z* € df(z) if and only if

(y,2") = fy) < (x,27) — f(x). (12)

for all y € C. By the definition of the conjugate, Equation (12) holds if and only if f*(z*) =
(x,z*) — f(x), which is equivalent to f(x) = (z,x*) — f*(z*). [

Suppose that C C X is convex and f : C' — R is Lipschitz continuous and convex. As
noted above, this implies that 0 f(z) # (0 for all z € C. Therefore, by parts 2 and 3 of Lemma 2,
we have

* * *
= — 1
fla) = mas [(z.e7) — ()] (13)
for all x € C.3° In order to establish the existence of a minimal set of measures in the proof of
Theorem 1, it is useful to establish that under certain assumptions, there is a minimal compact
subset of X* for which Equation (13) holds. Let Cy denote the set of all € C' for which the

subdifferential of f at z is a singleton:
Cy={x € C:0f(x) is a singleton}. (14)
Let Ny denote the set of functionals contained in the subdifferential of f at some = € Cy:

Ny={a" € X" : 2" € 9f (x) for some x € Cy}. (15)

30This is a slight variation of the classic Fenchel-Moreau theorem. The standard version of this
theorem states that if f: X — RU {+oo} is lower semi-continuous and convex, then f(z) = f**(x) =
SUP,c x- [(T,2%) — f*(2*)]. See, e.g., Proposition 1 in Ekeland and Turnbull (1983, p97).
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Finally, let M denote the closure of Ny in the weak™ topology:
My =Ny (16)

Before stating our first main result, recall that the affine hull of a set C C X, denoted
aff(C), is defined to be the smallest affine subspace of X that contains C. Also, a set C C X
is said to be a Baire space if every countable intersection of dense open subsets of C' is dense.

Theorem 9 (Ergin and Sarver (2008)) Suppose (i) X is a separable Banach space, (ii)
C' is a convex subset of X that is a Baire space (when endowed with the relative topology) such
that aff(C) is dense in X' and (iii) f : C — R is Lipschitz continuous and convex. Then,
My is weak™ compact, and for any weak™ compact M C X*,

MM = f(x)= max, [(z,2*) — f*(a*)] VzeC.

The intuition for Theorem 9 is fairly simple. We already know from Lemma 2 that for
any z € Cy, f(z) = maxg~en;[(z, ) — f*(2*)]. Ergin and Sarver (2008) show that under the
assumptions of Theorem 9, Cy is dense in C. Therefore, it can be shown that for any x € C,

* * *
f@) = max [(@.a%) = @)
In addition, if M is a weak™® compact subset of X* and M is not a subset of M, then there
exists * € Ny such that 2* ¢ M. That is, there exists € Cy such that 0f(z) = {z*} and
x* ¢ M. Therefore, Lemma 2 implies f(x) > maxg-em[(z,2*) — f*(z*)].

In the proof of Theorem 1, we will construct an HA representation in which My, for a
certain function f, is the set of measures. In the proof of part B of Theorem 1, we will use
the following result to establish that monotonicity leads to a positive set of measures. For this
next result, assume that X is a Banach lattice.?®> Let X, = {z € X : > 0} denote the
positive cone of X. A function f: C — R on a subset C of X is monotone if f(x) > f(y)

whenever z,y € C' are such that x > y. A continuous linear functional z* € X™* is positive if
(x,x*) >0 for all z € X.

Theorem 10 (Ergin and Sarver (2008)) Suppose C' is a convex subset of a Banach lattice
X, such that at least one of the following conditions holds:

1. xv2' € C for any xz,2’' € C, or
2. x Nz’ € C for any xz,2' € C.

Let f : C — R be Lipschitz continuous, convez, and monotone. Then, the functionals in My
are positive.

31Tn particular, if C is closed, then by the Baire Category theorem, then C is a Baire space. Also,
note that if C' contains the origin, then the affine hull of C' is equal to the span of C.
32Gee Aliprantis and Border (1999, p302) for a definition of Banach lattices.
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Finally, the following result will be used in the proof of Theorem 2 to establish the unique-
ness of the HA representation.

Theorem 11 (Ergin and Sarver (2008)) Suppose X is a Banach space and C is a convex
subset of X. Let M be a weak® compact subset of X*, and let ¢ : M — R be weak™ lower
semi-continuous. Define f: C — R by

f(z) = max [(z,2*) — c(z¥)]. (17)

z*eM
Then,
1. The function f is Lipschitz continuous and convez.

2. For all x € C, there exists x* € Of(x) such that z* € M and f*(z*) = c(z*). In
particular, this implies Ny C M, My C M, and f*(z*) = c(x*) for all z* € Ny.

3. If C is also compact (in the norm topology), then f*(x*) = c(x*) for all * € M;.

B Proof of Theorem 1

Note that A is a compact metric space since A(Z) is a compact metric space (see, e.g.,
Munkres (2000, p280-281) or Theorem 1.8.3 in Schneider (1993, p49)). We begin by showing
that weak order, continuity, and first-stage independence imply that 7~ has an expected-utility

representation.

Lemma 3 A preference - over A(A) satisfies weak order, continuity, and first-stage indepen-
dence if and only if there exists a continuous function V : A — R such that 7 is represented
by Ep[V]. Furthermore, if V.: A — R and V' : A — R are continuous functions such that
Ep[V] and Ep[V'] represent the same preference over /\(A), then there exist a > 0 and f € R
such that V' = oV + 3.

Proof: This is a standard result. For example, it is asserted without proof in Corollary 5.22
of Kreps (1988). Alternatively, it can be verified that A(A) and 77 satisfy the conditions of
Theorem 10.1 of Fishburn (1970), and hence there exists a bounded V' such that - is repre-
sented by Ep[V]. Since the mapping P — Ep[V] is affine, it is straightforward to show that
the continuity axiom implies this mapping is weak™® continuous. Therefore, for any sequence
{4,} C Aand any A € A,

A — A = 84, %564 = V(A,) =Es, [V] - Es,[V] = V(A),

which implies that V' is continuous. Uniqueness of V follows from the uniqueness part of the
mixture-space theorem (see Kreps (1988, Theorem 5.11) or Fishburn (1970, Theorem 8.4)). W
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Let A° C A denote the collection of all convex menus. It is a standard exercise to show
that A° is a closed subset of A, and hence A€ is also compact (see Theorem 1.8.5 in Schneider
(1993, p50)). Our strategy for proving the sufficiency of the axioms will be to show that the
function V' described in Lemma 3 satisfies the max-HA [min-HA]| formula on A¢. Using the IR
axiom, it will then be straightforward to show that V' satisfies the max-HA [min-HA] formula
on all of A.

The following lemma shows the implications of our other axioms.

Lemma 4 Suppose that V : A — R is a continuous function such that Ep[V] represents the
preference 7~ over A(A). Then:

1. If 7 satisfies L—continuity, then V is Lipschitz continuous on A€, i.e., there exists K > 0
such that |V (A) — V(B)| < Kdy(A, B) for any A, B € A°.33

2. If V is Lipschitz continuous (on A), then 7 satisfies L—continuity.
3. The preference 7, satisfies PERU [PLRU] if and only if V is convex [concave].

4. The preference 7 satisfies monotonicity if and only if V' is monotone (i.e., A C B
implies V(B) > V(A) for any A,B € A).

Proof: Claims 3 and 4 follow immediately from the definitions. To prove claim 1, we
use the arguments in the proof of Lemma 13 in Ergin and Sarver (2009). Suppose that 2
satisfies L—continuity for M > 0 and A*, A, € A. First, note that if M = 0, then L—continuity
implies that V(A) = V(B) for all A,B € A, i.e., V is Lipschitz continuous with a Lipschitz
constant K = 0. If M > 0, then let K = 2M [V (A*) — V(A,)] > 0. We first show that for any
A, B e A%

dn(A, B) < 3k — [V(A) = V(B)| < Kdy(A, B). (18)

Suppose that di(A, B) < ﬁ and let « = Mdp(A, B). Then, o < 1/2 and

V(B) = V(A) < 153 [V(A7) = V(4] < 2a[V(AY) = V(AL)] = Kdn(A, B),
where the first inequality follows from L—continuity, the second inequality follows from o < 1/2,
and the equality follows form the definitions of o and K. Interchanging the roles of A and B
above, we also have that V(A) — V(B) < Kdp(A, B), proving Equation (18).

Next, we use the argument in the proof of Lemma 8 in the supplementary appendix of
DLRS (2007) to show that for any A, B € A:

|V(A) —V(B)| < Kdn(A, B), (19)

i.e., the requirement dj(A, B) < 51+ in Equation (18) is not necessary. To see this, take any

sequence 0 = A\g < A\ < ... < Ay < Apg1 = 1 such that (A1 — \)dp(A,B) < ﬁ Let

33If = also satisfies IR, then it can be shown that V is Lipschitz continuous on A.
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A; = MA+ (1 — \)B. Tt is straightforward to verify that:3*
dn(Ait1, 4;) = (Nig1 — Ni)dn(A, B) < 5.

Combining this with the triangle inequality and Equation (18), we obtain
[V(A) = V(B)| <> [V(Ai1) — V(4)]
i=0

<KD dp(Aig1, Ai) = K> (Aip1 — \i)dn(A, B) = Kdy(A, B).
i=0 i=0

This establishes Equation (19), which implies V' is Lipschitz continuous on A€ with a Lipschitz
constant K.

To prove claim 2, suppose that V is Lipschitz continuous, and let K > 0 be a Lipschitz
constant of V. Let A* be a maximizer of V on A and let A, be a minimizer of V on A. If
V(A*) =V (A,), then P ~ @ for any P,Q € A(A), implying that L—continuity holds trivially
for A*, Ay, and M = 0. If V(A*) > V(A,), then let M = K/[V(A*) — V(A,)] > 0. For any
A,B € Aand a € [0,1] with a > Mdj(A, B), we have

(1-a)[V(B)-V(A)] <V(B)-V(A) < Kdy(A,B) < Ka/M = a[V(A") — V(A,)],
which implies the conclusion of L—continuity. |

We now follow a construction similar to the one in DLR (2001) to obtain from V' a function
W whose domain is the set of support functions. As in the text, let

U:{uERZ:Zuzzo,Zugzl}.

z2€Z z2€Z

For any A € A the support function o4 : Y — R of A is defined by o4(u) = maxpcau - p.
For a more complete introduction to support functions, see Rockafellar (1970) or Schneider
(1993). Let C(U) denote the set of continuous real-valued functions on &. When endowed
with the supremum norm |||/, C(U) is a Banach space. Define an order > on C(U) by f > g
if f(u)>g(u) for allu eU. Let X ={o4 € C(U) : A € A°}. For any o € ¥, let

A, zuﬂu {pe N(Z) u'nguzpz < O(U)}-

Lemma 5 1. ForallAe€ A ando € X, A,,) = A and o(s,) = 0. Hence, o is a bijection
from A€ to X.

34Note that the convexity of the menus A and B is needed for the first equality.
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2. For all A, B € A° and any \ € [0,1], oxat(1—n)B = Aoa+ (1 = N)op.
3. For all A,B € A°, dy(A,B) = |jca — 0B||co-
4. X is convex and compact, and 0 € X.

Proof: Parts 1-3 are standard results that can be found in Rockafellar (1970) or Schneider
(1993).3% For instance, in Schneider (1993), part 1 follows from Theorem 1.7.1, part 2 follows
from Theorem 1.7.5, and part 3 follows from Theorem 1.8.11.

For part 4, note that the set ¥ is convex by the convexity of A¢ and part 2 of this lemma.
As discussed above, the set A° is compact, and hence by parts 1 and 3 of this lemma, 3 is a
compact subset of the Banach space C'(U). Also, if we take ¢ = (1/|Z|,...,1/|Z]) € A(Z),
then u - g =0 for all uw € Y. This implies o,y = 0, and hence 0 € X. |

The following lemma shows that a function defined on A° can be transformed into a
function on .

Lemma 6 Suppose V : A° — R, and define a function W : ¥ — R by W(o) = V(A,). Then:
1. V(A) =W (oa) for all A € A°.
2. V is Lipschitz continuous if and only if W is Lipschitz continuous.
3. If V is convex [concave] if and only if W is convex [concave].

4. V' is monotone if and only if W is monotone (i.e., o < o' implies W (o) < W (o) for
any 0,0’ € XJ).

Proof: (1): This follows immediately from part 1 of Lemma 5.
(2): If V is Lipschitz continuous with a Lipschitz constant K > 0, then by parts 1 and 3
of Lemma 5, for any A, B € A€,

(W(oa) =W(op)| = |V(A) = V(B)| < Kdn(A, B) = Koa — 05| -

A similar argument shows if W Lipschitz continuous, then V' is Lipschitz continuous.
(3): If V' is convex, then by parts 1 and 2 of Lemma 5, for any A, B € A° and \ € [0, 1],

W(Aoa+ (1= Aop) =W(orara-xnp) =V(AA+ (1 —A)B)
<AV(A) + (1= NV(B) = AW (04) + (1 — )W (op).

Similar arguments can be used to show that convexity of W implies convexity of V and that
V' is concave if and only if W is concave.

35The standard setting for support functions is the set of nonempty closed and convex subsets of
R™. However, by imposing our normalizations on the domain of the support functions U, the standard
results are easily adapted to our setting of nonempty closed and convex subsets of A(Z).
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(4): This is an immediate consequence of the following fact, which is easy to see from part
1 of Lemma 5 and the definitions of 04 and A,: For all A,B € A°, A C B if and only if
op < 0RB. [ |

We denote the set of continuous linear functionals on C(U) (the dual space of C(U)) by
C(U)*. Tt is well-known that C(U)* is the set of finite signed Borel measures on U, where the
duality is given by:

(fo) = /u F(w)pu(d)

for any f € C(U) and pu € C(U)*.35
For any function W : ¥ — R, define the subdifferential OW and the conjugate W* as in
Appendix A. Also, define Xy, Ny, and My as in Equations (14), (15), and (16), respectively:

Yw ={o € X:0W(o) is a singleton},
Ny ={peCU)" : pe€ dW(o) for some o € Ty},
My = ATW?

where the closure is taken with respect to the weak* topology. We now apply Theorem 9 to
the current setting.

Lemma 7 Suppose W : ¥ — R is Lipschitz continuous and convex. Then, My is weak™*
compact, and for any weak* compact M C C(U)*,

My CM = W(o)= /%?\}4{ [(o, ) = W*(p)] Vo €.

Proof: We simply need to verify that C(U), ¥, and W satisfy the assumptions of Theo-
rem 9. Since U is a compact metric space, C'(U) is separable (see Theorem 8.48 of Aliprantis
and Border (1999)). By part 4 of Lemma 5, ¥ is a closed and convex subset of C' (i) contain-
ing the origin. Since ¥ is a closed subset of a Banach space, it is a Baire space by the Baire
Category theorem. Although the result is stated slightly differently, it is shown in Hérmander
(1954) that span(X) is dense in C(U). This result is also proved in DLR (2001). Since 0 € X
implies that aff(¥) = span(X), the affine hull of ¥ is therefore dense in C(U). Finally, W is
Lipschitz continuous and convex by assumption. |

36Since U is a compact metric space, by the Riesz representation theorem (see Royden (1988, p357)),
each continuous linear functional on C(U) corresponds uniquely to a finite signed Baire measure on Y.
Since U is a locally compact separable metric space, the Baire sets and the Borel sets of U coincide (see
Royden (1988, p332)). Hence, the set of Baire and Borel finite signed measures also coincide.
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B.1 Sufficiency of the axioms for the max-HA representations

To prove the sufficiency of the axioms for the max-HA representation in part A, suppose that
7~ satisfies Axiom 1 and PERU. By Lemma 3, there exists a continuous function V' : A — R
such that Ep[V] represents

~°

Moreover, by Lemma 4, the restriction of V to the set A°¢
of convex menus is Lipschitz continuous and convex. With slight abuse of notation, we also
denote this restriction by V. By Lemma 6, the function W : ¥ — R defined by W (o) = V(A,)
is Lipschitz continuous and convex. Therefore, by Lemma 7, for all o € X,

Wo) = max [(o, 1) = W* ()]

This implies that for all A € A,
V(A) =V(co(A)) = W(0co(a))

= e ([ o ute) ) - 70

peEMw \ Jiy pEco(A)
= ax ( 3 max u(p) p(du) — W*(u)) ;

where the first equality follows from IR and the second equality follows from part 1 of Lemma 6.
The function W* is lower semi-continuous by part 1 of Lemma 2, and My is compact by
Lemma 7. It is also immediate from Lemma 7 that My, satisfies the minimality condition in
Definition 1. Therefore, (Myy, W*| a4, ) is @ max-HA representation for 7-.

To prove the sufficiency of the axioms for the monotone max-HA representation in part B,
suppose that, in addition, 77 satisfies monotonicity. Then, by Lemmas 4 and 6, the function
W is monotone. Also, note that for any A, B € A¢, 04V og = o4up. Hence, o Vo' € ¥ for
any 0,0’ € 3. Therefore, by Theorem 10, the measures in My, are positive.

B.2 Sufficiency of the axioms for the min-HA representations

To prove the sufficiency of the axioms for the min-HA representation in part A, suppose that
7~ satisfies Axiom 1 and PLRU. By Lemma 3, there exists a continuous function V : A — R
such that Ep[V] represents 7. By Lemmas 4 and 6, the function W : ¥ — R defined by
W(o) = V(A,) is Lipschitz continuous and concave. Define a function W : ¥ — R by
W(o) = —W (o). Then, W is Lipschitz continuous and convex, so by Lemma 7, for all o € &,

W(o) = max [(o, 1) = W™ ()]
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Let M= —-My = {—p: p € My}, and define ¢ : M — R by ¢(u) = W*(—p). Then, for
any o € X,

W(o)=-W(o)= min [— (o,p)+ W*(u)]

HEMyy
= min [ — (o, =) + W (=p)]
= min [{o, 1) + c(w)]-

This implies that for all A € A,
V(A) - V(CO(A)) - W(UCO(A))

= mip ([ max ) () +10) )

HEM \ Jyy pEco(A)
pu— 1 d
min ( uf;gtb(p)u( u) + C(u)) :

where the first equality follows from IR and the second equality follows from part 1 of Lemma 6.
The function W* is lower semi-continuous by part 1 of Lemma 2, which implies that c¢ is lower
semi-continuous. The compactness of M follows from the compactness of My;;, which follows
from Lemma 7. Also, by Lemma 7 and the above construction, it is immediate that M satisfies
the minimality condition in Definition 1. Therefore, (M, ¢) is a min-HA representation for 7.

To prove the sufficiency of the axioms for the monotone min-HA representation in part B,
suppose that, in addition, - satisfies monotonicity. Then, by Lemmas 4 and 6, the function
W is monotone. Let 3 = —X = {—0 : 0 € X}, and define a function W : ¥ — R by
W (o) = W(—0) = —W(—0). Notice that W is monotone and convex: By the monotonicity
of W, for any 0,0’ € 3,

0<o = —0>—-0 = W(U) = -W(-0) < -W(=0') = W(o).

By the concavity of W, for any 0,0’ € ¥ and A € [0,1],

Wo+ (1= No') = =W(A(=0) + (1 = N)(=0"))
< =AW (=0) = (1 = NW(=0") = AW (0) + (1 = )W (o).
Also, for any A, B € A°, (—o4) A (—og) = —(04 V 08) = —oaup. Hence, 0 Ao’ € 3 for any
0,0’ € 3. Therefore, by Theorem 10, the measures in M,;, are positive. For any p € C(U)*
and 0,0’ € 3, note that

A~ A~

W(o') =W(o) 2 (0" —o,p) == W(=0")=W(=0) 2 (o' —0,p) = (=0’ +0,—p),

and hence u € OW (o) <= —pu € OW(—o). In particular, f]W = =Yy and Ny, = =Ny
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Taking closures, we have M;, = — My, = M. Thus, the measures in M are positive.

B.3 Necessity of the axioms

We begin by demonstrating some of the properties of the function V defined by an HA repre-
sentation.

Lemma 8 Suppose (M, c) is an HA representation.

1. If (M, c) is a maz-HA representation and V : A — R is defined by Equation (1), then
V' is Lipschitz continuous and convex. In addition, defining the function W : X — R by
W(o) =V (As), we have M = My and c(p) = W*(u) for all up € M.

2. If (M, ¢) is a min-HA representation and V : A — R is defined by Equation (2), then
V' is Lipschitz continuous and concave. In addition, defining the function W : ¥ — R

by W(o) =V (A,), we have M = —M_w and c(p) = [-W]*(—p) for all p € M.
Proof: (1): By the definitions of V' and W, we have

W(o) = IILHE%{ [{o,p) —c(n)], Voex.

By part 1 of Theorem 11, W is Lipschitz continuous and convex. Therefore, the restriction of
V to A€ is Lipschitz continuous and convex by Lemma 6. Let K > 0 be any Lipschitz constant
of V| 4c, and take any A, B € A. It is easily verified that V(A) = V(co(A)), V(B) = V(co(B)),
and dp(co(A),co(B)) < dp(A, B). Hence,

[V(A) = V(B)| = [V(co(A)) = V(co(B))| < Kdp(co(A),co(B)) < Kdn(A, B),

which implies that V' is Lipschitz continuous on all of A with the same Lipschitz constant K.
Also, for any A,B € A and X € [0, 1],

VIAMA+ (1 —-XN)B) =V(co(AA+ (1 = N)B)) = V(Aco(A) + (1 — X)co(B))
< AV(co(A)) 4+ (1 = X\)V(co(B)) = AV(A) + (1 — \)V(B),
which implies that V is convex on A. Also, by parts 2 and 3 of Theorem 11 and the compactness
of ¥, My € M and W*(u) = ¢(p) for all 4 € Myy. By Lemma 7 and the minimality of M,

this implies M = My, and hence c¢(u) = W*(p) for all 4 € M.
(2): Define a function W : ¥ — R by W (o) = —W (o). Then, for any o € ¥,

W (o) = =W (o) = — min [(o, u) + (1)

HEM
= max [{o, —p) — c(u)]
= max [{o,4) —c(-p)].
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By the same arguments used above, this implies that W is Lipschitz continuous and convex,
which in turn implies that V is Lipschitz continuous and concave. Moreover, the above argu-
ments imply that —M = My, and c¢(—p) = W*(u) for all p € —M. Thus, M = —My;
~M_y and c(p) = W*(—pu) = [-W]*(—p) for all up € M.

Suppose that 7 has a max-HA [min-HA] representation (M, ¢), and suppose V' : A — R is
defined by Equation (1) [(2)]. Since Ep[V] represents - and V is continuous (by Lemma 8), 7
satisfies weak order, continuity, and first-stage independence by Lemma 3. Since V' is Lipschitz
continuous and convex [concave|] by Lemma 8, 7 satisfies L-continuity and PERU [PLRU] by
Lemma 4. Since V(A) = V(co(A)) for all A € A, it is immediate that - satisfies IR. Finally,
if the measures in M are positive, then it is obvious that V' is monotone, which implies that
7~ satisfies monotonicity.

C Proof of Theorem 2

Throughout this section, we will continue to use notation and results for support functions that
were established in Appendix B. Suppose (M, ¢) and (M’, ') are two max-HA representations
7. Define V: A — R and V' : A — R for these respective representations, and define
W:¥ —>Rand W :X — Rby W(o) =V(A,) and W(o) = V'(A4,). By part 1 of Lemma 8,
M = My and e(p) = W*(u) for all p € M. Similarly, M’ = My and ¢/ (u) = W™*(u) for
all pe M'.

Since V is continuous (by Lemma 8), the uniqueness part of Lemma 3 implies that there
exist « > 0 and 3 € R such that V/ = aV — 8. This implies that W/ = aW — . Therefore,
for any 0,0’ € 3,

W(o') = W(o) > (o' —o,p) = W) = W'(0) > (o' —o,an),

and hence OW'(0) = adW(o). In particular, Xy = Sy and Ny = aNy. Taking closures we
also have that My = aMyy. Since from our earlier arguments M’ = My and M = My,
we conclude that M’ = aM. Finally, let u € M. Then,

c(ap) = sup [(o,ap) — W'(0)] = asup [(o, u) — W(0)] + 8 = ac(u) + B,
ocED ocEX
where the first and last equalities follow from our earlier findings that ¢ = W' M,y and
c= W*‘ My -
The proof of the uniqueness of the min-HA representation is similar and involves an ap-
plication of part 2 of Lemma 8.
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D Proof of Theorem 3

(1 = 3): Fix a monotone min-HA representation (M, ¢), and define V' by Equation (2). Since
M is compact, there is £ > 0 such that pu(U) < k for all p € M. Let Q = Uygjg AU and let
F be the Borel o-algebra generated by the relative topology of € in RZ. Define U : Q — R?
by U(w) = w.

For each € M, define the probability measure 7, on (Q,F) as follows. If u(U) = 0,
let 7, be the degenerate probability measure that puts probability one on 0 € €2, i.e., for any
EecF, m(F)=1if0¢€ E, and 7,(F) = 0 otherwise. If y(U) > 0, then define the probability
measure fi on U and its Borel o-algebra by i(E) = ﬁ,u(E) for any measurable £ C U.
Define the function f, : U — Q by f,(u) = p(U)u. Note that f is measurable because it is
continuous. Finally, let 7, be defined by m, = jio f, 1 Then,

| ax U(w) - p mu(dw) = y max u(p) p(du)
for any A € A37 Let Il = {m, : p € M} and &(m,) = ¢(u). Then, V can be expressed in the
following SSV form:

V(A) = mi Uw) - d ¢ .
() =iy ( [ maxU(e) - w(do) + ()

(3= 2): Let ((22,F),U,1II, ¢) be an SSV representation, and define V' by Equation (4). Let
the subset II' C II stand for the set of m € II such that there exists A € A for which 7 solves
the minimization problem in Equation (4). Note that Equation (4) continues to hold when IT
is replaced by IT', i.e.,

V(A) = 71T1élnn/ < ; max U(w) - p m(dw) + c(w)) (20)

for all A € A.
We first show that ¢ is bounded on II'. Note that since U is bounded, there exists x > 0
such that the absolute value of the integral term in Equation (20) is bounded by & for every

37 This is easy to see if u(Ud) = 0. If u(ld) > 0, then define the function g : © — R by g(w) =
maxpea U(w) - p. To see that g is F-measurable, let B be a countable dense subset of A. At each
w €, maxpec 4 U(w) - p exists and is equal to SUP,e g U(w)-p. For each p € B, U-p is F-measurable as
a convex combination of F—measurable random variables. Hence, g an F—measurable as the pointwise

supremum of countably many F—measurable random variables (see Billingsley (1995, p184), Theorem
13.4(i)). Then,

| U(w) - p mu(dw) = | max p(U)u(p) i(du) = | X u(p) p(du),

where the first equality follows from the change of variables formula [, g(w) (i o f,')(dw) =
Ju 9(fu(w)) i(du).
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menu A € A and probability measure in © € II'. Take any 7,7’ € II', and suppose that they
solve the minimization in Equation (20) for menus A and A’, respectively. Then, optimality
of m at A implies:

c(m) —c(r') < | maxU(w) -p 7'(dw) — [ maxU(w) - p m(dw) < 2k.
Q peA q PEA

Similarly, optimality of 7’ at A’ implies:

25 < [ maxU(w) - p 7'(dw) — | maxU(w) - p 7(dw) < c(m) — (7).
Q pEA’ o pEA’
Therefore, |c(7) — ¢(n')| < 2k for any 7, 7" € I, implying that ¢ is bounded on IT'.

Let Q = Q x IT". Let G be any o-algebra on II' that contains all singletons and such that
c[nf IT" — R is G-measurable (e.g. G = 2H/). Let F = F ® G be the product o-algebra on
Q. Let 1 € RZ denote the vector whose coordinates are equal to 1, and define U : Q — RZ by
Ulw,7) = U(w) +¢(m)1 for any & = (w,7) € Q. Note that U is F-measurable and bounded.?®

For any 7 € II', define the function fr : @ — Q by fr(w) = (w, 7). Note that fr is
measurable.?® Define the probability measure p; on (€, F) by pr = o f-1. For any A € A,

leeafﬁ(@) P pr(dD) = ergleaXU(fw( w)) - p 7(dw)

— /Q [maxU(w)' p+c(m)| m(dw)

peEA

max U(w) - p m(dw) + ¢(m),
O PEA
where the first equality above follows from the change of variables formula.*
Letting II' = {p; : 7 € II'}, by Equation (20), we see that V can be expressed in the
following SSMP form:

V(A) =min [ maxU(®)-p p(dd).
pell’ JG peA

38(J is bounded because U is bounded on  and ¢ is bounded on IT'. To see that U is f—measurabl&
note that since U is F-measurable and F is the product of the o-algebras F and G, the function
ik Q — RZ defined by f(w,7) = U(w) is F-measurable. Also note that since ¢/ is G-measurable, and
F is the product of the o- algebras F and G, the function g : Q — RZ defined by g(w, ) = ¢(m)1 is also
F-measurable. Therefore, U is F-measurable as the sum of the two F-measurable functions f and g.

39To see this, note that the collection ' of sets £ C € satisfying {w € Q : (w,7’) € E} € F for
every ' € I’ is a o-algebra. Since F' contains both F x I’ and § x G for every F € Fand G € G,
we have that }' F®GCF. Itis easy to see that = would be measurable if Q were endowed with
the o-algebra F’. Therefore, f, is measurable since €2 is endowed with the coarser o-algebra F.

40Ty see this, define the function g : @ — R by ¢(&) = max,ca U(@) - p. By a similar argument as
in Footnote 37, g is F-measurable. Then, the change of variables formula is Jo9(@) (mo frh)(do) =

Jo 9(fx(w)) m(dw).
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(2 =1): Let ((,F),U,II) be an SSMP representation, and define V' by Equation (3). It
is easy to see that V' is monotone and concave. We next show that V' is Lipschitz continuous.
For every 7 € II, define f, : A — R by

f=(A) = | U(w) - p m(dw).

Since U is bounded, there exists x > 0 such that ||U(w)|| < & for all w € Q. Let A,B € A.
Given a state w € Q, let p* be a solution of max,c4 U(w) - p. By definition of Hausdorff
distance, there exists ¢* € B such that ||p* — ¢*|| < din(A, B). Then,

Ulw) - p — Ulw) - =Ulw) - p* — Ulw) -
maxU(w) - p — maxU(w) ¢ = U(w) -p" —maxU(w) - ¢

<UW) p"=Uw) ¢ <|[[UW)lp" —¢"|| < kdn(A, B).
Taking the expectation of the above inequality with respect to 7, we obtain:
f?T(A) - fW(B) < /fdh(Aa B)

Hence f, is Lipschitz continuous with a Lipschitz constant x that does not depend on 7 € II.
Since V' is the pointwise minimum of f; over m € II, it is also Lipschitz continuous with the
same Lipschitz constant k.

Since V : A — R is monotone, concave, Lipschitz continuous, and it satisfies the IR
condition V(A) = V(co(A)) for all A € A, the construction in Appendix B.2 implies that
there exists a monotone min-HA representation such that V' is given by Equation (2).

E Proof of Theorem 4

We define the set of translations to be
GE{GE]RZ:ZHZ:O}.
zZ€Z

For A€ Aand 6 € ©, define A+ 60 ={p+6:pec A}. Intuitively, adding € to A in this sense
simply “shifts” A. Also, note that for any p,q € A(Z), we have p — q € O.

Definition 10 A function V : A — R is translation linear if there exists v € RZ such that
for all A€ Aand 0 € © with A+ 60 € A, we have V(A+0) =V (A)+v-6.

Lemma 9 Suppose that V : A — R is a function such that Ep[V] represents the preference
= over A(A). Then, V is translation linear if and only if 7, satisfies RDD.
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Proof: Assume that Ep[V] represents the preference 7. Then, it is easy to see that 2
satisfies RDD if and only if

V(eA+ (1= a){p}) - V(ad+ (1 - a){q}) = (1 - )[V({p}) - V({a})] (21)

for any a € [0,1], A € A, and p,q € A(Z).

If there exists v € RZ such that for all A € A and § € © with A+ 6 € A, we have
V(A+60) = V(A) + v - 6, then both sides of Equation (21) are equal to (1 — a)v - (p — ¢q),
showing that = satisfies RDD.

If - satisfies RDD, then define the function f : A(Z) — R by f(p) = V({p}) for all
p € A(Z). Let a € [0,1] and p,q € A(Z), then

2f(ap+ (1 —a)gq) = [flap+ (1 —a)q) — flap+ (1 — a)p)]
+f(ap+ (1 —a)q) — flag+ (1 —a)q)] + f(p) + f(q)
= (1-ao)[f(q) — f(p)] +alf(p) = f(@)] + f(p) + f(q)

= 2[af(p)+ (1 - a)f(q)];

where the second equality follows from Equation (21) and the definition of f. Therefore,
flap+ (1 —a)q) = af(p) + (1 —a)f(q) for any o € [0,1] and p,q € A(Z). It is standard to
show that this implies that there exists v € RZ such that f(p) = v -p for all p € A(Z).

To see that V is translation linear, let A € A and § € © be such that A+ 60 € A. If
6 = 0, then the conclusion of translation linearity follows trivially, so without loss of generality
assume that 6 # 0. Ergin and Sarver (2009) show in the proof of their Lemma 4 that if A € A
and A+ 6 € A for some 6 € ©\ {0}, then there exist A" € A, p,q € A(Z), and « € (0, 1] such
that A=(1—a)A" +a{p}, A+0=(1-a)A" +a{q}, and 0 = a(p — ¢). Then

VIA+0)-V(4) = V(1-a)A +afp}) —V((1—-a)d" +afq})
= oV({pr}) - V({a})]
= afp-p—v-g
= v-0,

where the second equality follows from Equation (21) and the third equality follows from the
expected utility form of f. Therefore, V is translation linear. |

We are now ready to prove Theorem 4. The necessity of RDD in parts A and B are
straightforward and left to the reader. In the rest of this section, we will continue to use the
notation and results from Appendix B. For the sufficiency direction of part A, suppose that
7 satisfies Axiom 1, PERU, and RDD. Then, (M, W*|uq,,) constructed in Appendix B is
a max-HA representation for 7. Since = satisfies RDD, by Lemma 9, V is translation linear.
Let v € RZ such that for all A € Aand 6 € © with A+6 € A, we have V(A+60) = V(A)+v-6.
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Let ¢ = (1/|Z],...,1/|Z]|) € A(Z). By Lemma 22 of Ergin and Sarver (2009), for all p € My,
and p € A(Z), (ogpy, 4) = v+ (p — q). The consistency of My follows immediately from this
fact because for any u, ' € My and p € A(Z), we have

/U@nmwﬁﬂqmwﬁﬂw@—w=%me3=/u@nﬂmw
U u

If 7~ additionally satisfies monotonicity, then (M, W*| a4, ) above is a monotone HA repre-
sentation for 77. Therefore, the sufficiency direction of part B also follows from the consistency
of My established above.

F Proof of Theorem 5

The necessity of the axioms is straightforward. For sufficiency, suppose that - satisfies Ax-
iom 1, second-stage independence, and strategic rationality. By Lemma 3, there exists a
continuous function V' : A — R such that P 27 @ if and only if Ep[V] > Eq[V].
We first show that since 7 satisfies strategic rationality, V(A) = max,ca V({p}) for all
A € A. To see this, fix any A € A, and let p* be a solution to maxpe4 V ({p}). Since 7 satisfies
weak order and strategic rationality, it also satisfies monotonicity, implying that A = {p*}.
We next show that for any finite subset B of A, {p*} = B. To see this, let B be a finite
subset of A where |B| =n. Let B = {p1,...,pn}, where {p1} = {p2} = ... Z {pn}. For any
k=2,...,n,
{oe} ~Apks - o0} = {pe-1} ~ {pr—1,-- - pn} (22)

since by strategic rationality, {px—1} == {px} ~ {pk,...,pn} implies that {pg_1} ~ {pr—1} U
{Pks...,pn}. By applying backwards induction on k = 2,...,n using Equation (22), we have
that {p1} 2= B. Since {p*} = {p} for all p € A, we also have that {p*} == {p1} Z B. Therefore,
{p*} Z B for any finite B C A. Since A(Z) is a compact metric space, there exists a sequence
of finite subsets { By, } of A such that B,, converge to A in Hausdorff topology. Since {p*} = B,
for all m, by continuity of = we have that {p*} 7 A. This proves that {p*} ~ A. Therefore,
V(A) =V ({p*}) = maxyca V({p}), as desired.

Define a preference 22" on A(Z) by p Z' ¢ <= 0gp) I dyqy (o1, equivalently, p 7' ¢ <=
V({p}) > V({q})). Continuity of - implies continuity of =/, and second-stage independence
implies that =’ satisfies independence. Therefore, by the standard von Neumann-Morgenstern
expected-utility theorem, there exists v € R? such that p 2= ¢ <= v(p) > v(q). Note that
{v(p) : p € A(Z)} = [a,b] for some —oc0 < a < b < +oo. Since V({p}) > V({q}) < v(p) >
v(q), there exists a strictly increasing function ¢ : [a, b] — R such that for all p € A(Z),

V({p}h) = o (v()).
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Therefore, for any menu A € A,

V(4) = maxV({p}) = maxo(v(p)) = ¢ maxv(p)).

To establish the Lipschitz continuity of ¢, first recall that by Lemma 4, L—continuity
implies there exists K > 0 such that |V(A) — V(B)| < Kdp(A, B) for any A,B € A°. In
particular, for any p, ¢ € A(Z), [V({p}) ~ V({a})] < Kdn({p}, {a}) = Kllp—gll. Tfa = b, then
¢ is trivially Lipschitz continuous. Next, suppose that a < b. Take p,,p* € A(Z) such that
v(ps) = a and v(p*) = b. For any ¢ € [a,b], let a(t) = (t —a)/(b —a) € [0, 1], which implies
v(a(t)p* + (1 — a(t))ps) = t. Then, for any s,t € [a, b],

9() = 6(5)] = |0 (vla(p + (1 = a(®)p.)) = o (vlalshp" + (1~ als)p-) )|

= [V{a®)p*+ (1 —at))p.}) = V{als)p" + (1 — a(s))p.})|
< Kla(t) —a(s)| [[p" — ps|
= K|t —s||p* —p«ll/(b—a),

which implies ¢ is Lipschitz continuous with a Lipschitz constant of K||p* — p«||/(b — a).

G  Proof of Theorem 6

G.1 Proof of Theorem 6.A

The necessity of the axioms is straightforward. For sufficiency, suppose that - satisfies Axiom 1
and mixture independence. By Lemma 3, there exists a continuous function V' : A — R such
that P 7z Q if and only if Ep[V] > Eg[V]. Since 7 satisfies IR, V(A) = V(co(A)) for all
A € A. Tt therefore suffices to show the existence of a finite signed Borel measure p of Y and
a Lipschitz continuous and strictly increasing function ¢ : [a,b] — R such that for all A € A¢
(the set of all convex menus),

Vi) = ([ maxu) ).
U peEA
where [a,b] = { [, maxpe 1 u(p) p(du) : A € A°}.

Define a preference =7 on A° by A 7=/ B <= 04 = dp (or, equivalently, A =/ B <=
V(A) > V(B)). Continuity of - implies continuity of =/, and mixture independence implies
that =’ satisfies independence. Therefore, by the Hernstein-Milnor Theorem, there exists an
affine function U : A° — R such that A %' B <= U(A) > U(B). Moreover, U is continuous
by the continuity of >/, which by the compactness of A° implies the existence of —oco < a <

~ )

b < +oo such that [a,b] = {U(A) : A € A°}. Since V(A) > V(B) <= U(A) > U(B), there
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exists a strictly increasing function ¢ : [a,b] — R such that

V(A) = ¢(U(A)).

To establish the Lipschitz continuity of ¢, first recall that by Lemma 4, L—continuity implies
there exists K > 0 such that |V(A) — V(B)| < Kdp(A, B) for any A, B € A°. If a = b, then
¢ is trivially Lipschitz continuous. Next, suppose that a < b. Take A, A* € A° such that
U(As) = a and U(A*) = b. Note that for any «, 3 € [0, 1],

dp(@A” + (1= @) Ay, BA™ + (1= B)AL) = |a — Bld (A%, A,).

Therefore, by analogous arguments to those in Appendix F, the linearity of U implies that ¢
is Lipschitz continuous with a Lipschitz constant of Kdj(A*, A,)/(b— a).

It remains only to show that there exists a finite signed Borel measure 1 on U such that
for every A € A€,

U4) = | max u(p) p(du).

To establish the existence of such a measure p, it suffices to show that U is Lipschitz continuous
(see the arguments used in the construction of the additive EU representation in the supple-
mentary appendix of DLRS (2007)). We prove that U is Lipschitz continuous by contradiction;
we will argue that if U is not Lipschitz continuous, then ¢ cannot be strictly increasing.*! In
particular, we show that if U is not Lipschitz continuous, then ¢(b) — ¢(a) < €- (b —a) for any
e > 0, which implies ¢(b) = ¢(a), a contradiction. These arguments are completed in three
steps:

Step 1 — For any t € (a,b) and n € N, there exist Ay, By, € A€ such that U(Ay) <t <
U(By) and |U(By) — U(Ay)| > n - dp(An, By): Since U is not Lipschitz continuous, for any
n € N, there must exist A/, B], € A such that |U(B},)—U(A})| > n-dy(A}, B},). Without loss
of generality, suppose U(A))) < U(B),). fU(A]) <t < U(B),), thenlet A,, = A} and B,, = B),.
If t <U(AL), then take a € (0,1) such that aa+ (1 —«)U(4)) <t < aa+ (1—a)U(B],). Let
A, =aA,+ (1—a)A], and B, = aA, + (1 — «)B],. Then, U(A,) <t <U(B,) and

U(By) — U(An)| = (1 = )[U(B,) — U(4},)]
> (1—a) -n-dy(A,B))
=n-dp(An, By).

41The Lipschitz continuity of U does not follow immediately from the arguments in DLRS (2007)
because we impose a different L—continuity axiom than the one used in their paper. The statement of
their L—continuity axiom in our framework would be the following axiom, which we do not explicitly
assume:

Axiom 9 (Mixture L—Continuity) There exist A*, A, € A and M > 0 such that for every A, B € A
and o € [0,1] with a > Mdy(A, B), §(1—a)a+aas Z O(1—a)B+aA. -
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The case of U(B],) <t is similar.

Step 2 — For any t € (a,b) and € > 0, there exists an open interval (a,b) C (a,b)
containing t such that |¢(s) —@(s')| < e-|s—s'| for any s,s" € (ar,b): Recall that there exists
K > 0 such that |[V(A) — V(B)| < Kdp(A, B) for any A, B € A°. Choose n € N such that
K/n < e. From Step 1, we know there exist A,, B, € A such that U(A,,) <t < U(B,) and
|U(Byp) — U(An)| > n-dp(Apn, Bn). Let ap = U(A,,) and by = U(B,,). Fix any s,s € (ag, by).
Then, there exist a, o’ € (0,1) such that

s=U(ad, +(1—a)B,) and s =U(dA,+ (1 —d)By).

Therefore,
s —s'| = [(a = a)[U(An) = U(By)]]
> |a—d|-n-dy(An, By)
=n-dp(ad, + (1 —a)B,,d A, + (1 —d)By),
and hence

[6(s) = &(s)| = [V(edn + (1 = @) By) = V(o A + (1 = o/) By)|
< Kdp(aA, + (1 — a)By, o’ Ay + (1 — ') By)

K
<—-ls=4§|<e-|s=4
n

Step 3 — For anye > 0, ¢(b)—¢(a) < e-(b—a): Fix any € > 0. Since we established above
that ¢ is continuous, it suffices to show that for any t,t € (a,b), t <, we have ¢(t) — ¢(t) <
e-(t—t). To see that this is true, note that the collection of intervals {(a, b;) : t € (a,b)} defined
in Step 2 (for this €) forms an open cover of the closed interval [¢,?]. Therefore, there exists
a finite subcover taken from this collection of intervals that also covers [t,¢]. The finiteness of
this subcover implies the existence of a finite set of numbers t = s; < --- < s, = t such that
for any i € {1,...,k — 1} there exists t € (a,b) such that s;,si+1 € (at,b:). By the definition
of (a¢,bt), we have

o

-1 -1

¢(t) = ¢(t) = ) _[d(sit1) —d(si)] <& ) (siv1 —si) =e- (L 1)

1 1

o

-
Il
-
Il

This completes the proof.
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G.2 Proof of Theorem 6.B
Suppose 7~ has a KPDLR representation (¢, u). First, note that for any A, B € A and any
a e (0,1),

du) = du) + (1 - du).
[ ) ntdn) = a [ macu) pd + (00 =) [ maxu) p

For any s,t € [a,b], let A,B € A be such that s = [, maxpesu(p)p(du) and t =
J,; maxpe g u(p) p(du). Then, for any a € (0,1),

ads + (1 - a)5B z 5aA+(1—a)B
s aV(A)+(1—a)V(B) > V(aA+ (1 —a)B)

= a0 ([ maxutp) ) + (1= 0)o ([ maxut)n(an)

U peEB

> 6 <a [ (o) o) + (1 ) [ et u(dU)>
— a¢(s)+ (1 —a)p(t) > d(as+ (1 — a)t).

Thus, 7 satisfies PERU if and only if ¢ is convex. A similar argument shows that - satisfies
PLRU if and only if ¢ is concave.

H Proof of Theorem 7

Throughout this section, we use the notation df, f*, Ny, and M introduced in Appendix A.

Lemma 10 Let a,b € R with a < b and let ¢ : [a,b] — R be Lipschitz continuous and convez.
Then, 1 & 2 = 3:

1. ¢ is strictly increasing.
2. (G/) Md) C R+.
(b) The right-derivative of ¢* at 0, %(0), exists and is equal to a.

3. 0 is not an isolated point of M.

Proof: (1 = 2) Part a follows from Theorem 10.
To see part b, it is enough to show that for all ¢t € (a,b], there exists A > 0 such that

Na < ¢*(X) — ¢*(0) < XNt VX € (0,N). (23)

Since ¢ is nondecreasing, 0 € d¢(a). Along with Lemma 2, this implies that —¢*(0) = ¢(a) >
Na — ¢*(N) for any N > 0, establishing the first inequality in Equation (23). Take any
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t € (a,b]. By Lemma 1 there exists A € d¢(t). Note that A > 0. Otherwise, if A < 0, then by
Lemma 2,

¢(a) > Aa — ¢*(A) = At — ¢7(A) = (1),
a contradiction to ¢ being strictly increasing. Let A € (0, ). Since ¢ is continuous and its
domain is compact, there exists ¢’ € [a, b] such that ¢*(N) = /N — ¢(t). By Lemma 2, this
implies that X € d¢(t'). Monotonicity of the subdifferential d¢ implies that ¢’ < ¢.4> Then,
by Lemma 2 and ¢ being nondecreasing,

—¢7(0) = ¢(a) < o(t') = XN't' = ¢"(N) < X't = ¢"(X),

which implies the second inequality in Equation (23).

(2 = 1) Theorem 9 and part a imply that ¢ is nondecreasing. Therefore, 0 € 9¢(a),
implying ¢(a) = —¢*(0) by Lemma 2.

We will first show that ¢(a) < ¢(t) for any ¢ € (a,b]. Suppose for a contradiction that
¢(a) = ¢(t) for some t € (a,b]. Then, for any A > 0,

¢*(N) > M — ¢(t) = M — ¢(a) = Mt + ¢*(0)

implying that w >t > a for any A > 0, a contradiction to %(0) =a.

To conclude that ¢ is strictly increasing, it remains to show that ¢(t) < ¢(t') for any
t,t' € (a,b] such that t < ¢. By Lemma 1, there exists A € 9¢(t). If A <0, then

¢(a) = Aa — ¢*(A) = At — ¢"(A) = &(1)
by Lemma 2, contradicting ¢(a) < ¢(t). Therefore, A > 0, implying
$(t) = At — ¢"(A) < At' = ¢"(N) < o(t),

by Lemma 2, as desired.
(1 = 3) Suppose for a contradiction that 0 is an isolated point of My. Then, 0 € Ny, i.e.,
there exists ¢ € [a, b] such that 0¢(t) = {0}. Then, Lemma 2 implies

—¢"(0) = o(t) > At — ¢"(A) VA€ Mg\ {0}.

Since 0 is an isolated point of My and M, is compact by Theorem 9, M\ {0} is also compact.
Therefore, the above inequality implies that

0> _max [\ 9" (V] (24)

42To see that 0¢ is monotone, note that by the definition of the subdifferential, A € d¢(t) implies
At —t) < o(t') — ¢(t) and N € 9¢(t') implies N (t —t') < ¢(t) — ¢(t'). Summing these inequalities, we
have (A= X)(t —t') > 0.
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Let A > 0 be the difference of the left hand side and the right hand side in Equation (24)
and let M > 0 be such that My C [0, M]. Take any s € [a,b] such that |t — 5| < % Then,

|\t — As| < A for any A € M, \ {0}, implying that Equation (24) continues to hold if ¢ is
replaced by s. Therefore,

—¢7(0) = max [As — ¢"(A)] = ¢(s),

)\EM¢

where the second equality follows from Theorem 9. This implies that ¢ is constant at a %

neighborhood of ¢, contradicting the assumption that ¢ is strictly increasing. |

Corollary 2 Leta,b € R witha < b and let ¢ : [a,b] — R be Lipschitz continuous and convex.
Then, 1 & 2 = 3:

1. ¢ is strictly decreasing.
2. (a) ./\/l¢ CR_.
(b) The left-derivative of ¢* at 0, %(O), exists and is equal to b.
3. 0 is not an isolated point of M.
Proof: Define ¢ : [—b, —a] — R by ¢(t) = ¢(—t). Note that ¢ is Lipschitz continuous and
convex. For any A € R and t € [—b, —a], we have
A€ dP(t) < d(s)— d(t) > N(s—t) Vs € [-b,—a]
= P(=8) = ¢(=t) = —AM(=s — (=) Vs € [-b,—d]
= - € 0P(—t).
Therefore, Nj = —N, implying that M; = —M,. For any A € R,

~

$*(\) = max [M—¢(t)] = max [-At' — d(—t")] = max [-At' — ¢(t))] = ¢*(—=N).

te[—b,—al t'€[a,b] t'€la,b]

implying,
do* TN =¢*0) . ¢f(0)—¢*(=N)  dg”
o (0) = Jimy A =~ Jm A ==

Therefore, conditions 1, 2.a, 2,b, and 3 are equivalent to:
1 qg is strictly increasing,
2 (a) My CRy,
(

a?
b’) The right-derivative of o* at 0, %(0), exists and is equal to —b, and
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3’ 0 is not an isolated point of M &

respectively. Applying Lemma 10 to ¢, we have 1’ < 2/ = 3/, as desired. [

In the next lemma, X denotes the set of support functions defined in Appendix B.

Lemma 11 Let p be a nonzero finite signed Borel measure onU and [a,b] = {{o, u) : 0 € ¥}.
Let ¢ : [a,b] — R be Lipschitz continuous and conver and define W : ¥ — R by W(o) =
o({o, 1)) for any o € . Then,

1. W 4s Lipschitz continuous and convex.
2. W*(Au) = ¢*(N\) for any X € R.
3 Mw ={ p: e M¢}.

Proof: 1. Let K > 0 be a Lipschitz constant for ¢. Then, for any o,0’ € X,

(W (o) = W(a")| =16((o, 1)) — ({0’ )| < Ko, ) = {0’ )| < K]lullllo = o,

implying that W is Lipschitz continuous with a Lipschitz constant K ||u||. W is convex as the
composition of a linear and a convex function.
2. Let A € R. Then,

W) = max (o, A\n) - W(o)]

= I?gz}:{ (Ao, 1) — ({0, 1))]

= max (At — ¢(t)]

= &),

3. We will first show that Ny C {A\p: A € My}, This will imply that My = Ny C {
A € My} since My is closed. Let v € Ny, then there exists o € ¥ such that OW (o) = {v}.
For any A € 9((o, 1),

W<OJ) - W(U) - ¢(<U/7M>) - (b((O’, :U’>) > )‘[<U,7 M) - <07 :U’>] = <0J — 0, )\,U,)) \Z € 27

implying Au € OW (o) = {v}. Therefore, {\u: A € 9¢((o, 1))} C {r}. Since p is nonzero and
0¢({o, u)) # 0 by Lemma 1, there exists a unique A € R such that d¢({(o, u)) = {\}. Note
that A € N, C My and v = Ay, as desired.

Let M = {X € R: Ay € Mw}. We will next show that My, C M, which will imply
{Me A e My} C Myy. Since p is nonzero and My is compact by part 1 and Theorem 9, M
is also compact. Let ¢ € [a,b], and o € ¥ be such that ¢t = (o, u). Then,

B(t) = W(0) = max [(o,v) = W*(v)] = ma (o, ) — W ()] = max [\t = 6" (M),

veMyy e
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where the second equality follows from part 1 and Theorem 9, the third equality follows from
My C {Ap : A € R}, and the last equality follows from part 2. Therefore, by Theorem 9,
./\/l¢ c M. |

Proof of Theorem 7, the convex case: In the following, let W : ¥ — R be defined
by W (o) = V(A,). Also, let [a,b] = { [, maxyca u(p) p(du) : A € A}.
(1 = 2) For any o € 3,

W(o) =V(4s) = ¢((9(a,), 1) = o((o; 1)),

where the last equality follows from part 1 of Lemma 5. Since W is Lipschitz continuous and
convex by Lemma 11, V(A) = V(co(A)) for all A € A, and W (o) = V(A,) for all o € X, the
construction in Section B.1 implies that (M, ¢) := (M, W*|ry,, ) is a max-HA representation
such that V' is given by Equation (1). By part 2.a of Lemma 10 and part 3 of Lemma 11,
Mw C {Ap: A€ Ry}, By part 2.b of Lemma 10 and part 2 of Lemma 11,

W) - WH0) e .
1 = =a = . 2
lim, 3 o (0) =a=min uglg%t(p) p(du) (25)
By part 3 of Lemma 10, part 3 of Lemma 11, and p being nonzero, 0 is not an isolated
point of Myy. Therefore, if 0 € Myy, then the limit term in Equation (25) agrees with
. Ap)—c(0
11m>\\01)\M€MW M)\C()
(2 = 1) The mapping A — c¢(A\u) is lower semi-continuous since c is lower semi-continuous,
and {\ € Ry : Ay € M} is nonempty by part a, and it is compact since M is compact and p
is nonzero. Therefore, we can define ¢ : [a,b] — R by

o(t) At —c(An)] VYt € [a,b].

= max
)\GR+ :A[,LGM

By Theorem 11, ¢ is Lipschitz continuous and convex. Furthermore, for any A € A,

V(A) = oY [(0a, Ap) — c(Au)] = Y [Moa, ) —c(Aw)] = ¢({oa, 1)),

where the first equality follows from Equation (1) and part a. Therefore, it only remains to
show that ¢ is strictly increasing.
By Lemma 8, M = My and ¢(rv) = W*(v) for all v € M. Note that

W(o) =V(As) = ¢({o(a,), 1)) = ¢({o, 1)) Vo € X,

where the last equality follows from part 1 of Lemma 5. By part 3 of Lemma 11, M = {Ap :
A € Mgy}, Therefore, since p is nonzero: 0 € M if and only if 0 € My; part a implies
My C Ry and the first part of b implies that 0 is not an isolated point of M.
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First suppose that 0 ¢ M, implying 0 ¢ M. Let ¢,t' € [a,b] be such that t < t’. By
Theorem 9,
= As —@*(N)] V b).
(s) A@%[ s —¢*(A)] Vs € [a,b]

Let A > 0 be a solution of the above maximization at s = ¢. Then,

o(t) = At — 9" () <A — ¢ (A) < jmax (M= ¢ (M)] = (t).

Next suppose that 0 € M, implying that 0 € My. Then,

o Qw0 )= 6'0) -
AN0: \peM A ANO:AEM A
where the first equality follows from part b and the second equality follows from M = {A\p :
A € My}, p being nonzero, ¢ = W*|p, and part 2 of Lemma 11. For any A € (0,00), define
ax € R by ay = w . Since 0 € M, is not an isolated point of My, Equation (26)
implies that there exists a sequence A, in My \ {0} such that A, \, 0 and lim,, ay, = a. Since
¢* is convex, a) is nondecreasing in A € (0,00). Therefore, for any sequence X\, in (0, 00)
such that A\, \, 0, lim,, ay, = limy, ay,. This implies that the limit on the right hand side of

Equation (26) is equal to %(0). By Lemma 10, ¢ is strictly increasing. [

Proof of Theorem 7, the concave case: In the following, let W : ¥ — Rand W : ¥ —
R be defined by W (o) = V(A,) and W (o) = =W (o). Also, let [a,b] = { [, maxye 4 u(p) p(du) :
Ae A}

(1 =2) For any 0 € %,

W(o) = V(4s) = ¢((a(a,), m) = o((o, 1)),

where the last equality follows from part 1 of Lemma 5. Define ¢ : [a,b] — R by ¢(t) = —¢(t).
Then, ¢ is Lipschitz continuous, convex, and strictly decreasing, and W (o) = é((o, u)) for all
o €Y. Let M = —My, and define ¢ : M — R by c¢(v) = W*(—v). Since W is Lipschitz
continuous and convex by Lemma 11, V(A) = V(co(A)) for all A € A, and W (o) = V(4,)
for all 0 € ¥, the construction in Section B.2 implies that (M, ¢) is a min-HA representation
such that V is given by Equation (2). By part 2.a of Corollary 2 and part 3 of Lemma 11,
My € {A\ = XA € R_}, implying that M C {A\u: X € Ry} By part 2.b of Corollary 2 and
part 2 of Lemma 11,
WH(0) = WH(-My)  do*

lim, 3 = 5= (0) =b=max | max u(p) p(du). (27)

By part 3 of Corollary 2, part 3 of Lemma 11, and p being nonzero, 0 is not an isolated point
of My;,. Therefore, 0 is also not an isolated point of M = —My;,. Therefore, if 0 € M, then
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.. . . . . 0)—c(A
the limit term in Equation (27) agrees with limy\ .\uem L}\C(“)

(2 = 1) The mapping A — c¢(A\u) is lower semi-continuous since c is lower semi-continuous,
and {\ € R} : Ay € M} is nonempty by part a, and it is compact since M is compact and p
is nonzero. Therefore, we can define ¢ : [a,b] — R by

o(t) = AGRIEE\%GM [\t + c(An)] VYt € [a,b].

Define ¢ : [a,b] — R by ¢(t) = —¢(t). Then,

o(t) = —¢(t) = max [-At—c(\p)] = Nt —c(=XNu)] Vt € |a,b].

= max
AER:IAUEM MNeR_:Npe—M

Since {N € R_ : Np e —M} = —{\ € Ry : Ay € M} is nonempty and compact, and the
mapping N +— ¢(—\p) is lower semi-continuous, by Theorem 11, ¢ is Lipschitz continuous
and convex. Therefore, ¢ is Lipschitz continuous and concave. Furthermore, for any A € A,

V(A) = i A )] = i A Ap)| =
(4) el [(oa, Ap) + c(Ap)] Aer™l [Moa, ) + c(Ap)] = ¢({oa, 1),
where the first equality follows from Equation (2) and part a. Therefore, it only remains to
show that ¢ is strictly decreasing which will imply that ¢ is strictly increasing.
By Lemma 8, M = —My; and ¢(v) = W*(—v) for all v € M. Note that

W(o) =V(4s) = ¢((o(a,), 1) = ¢((o, 1)) Vo € X,

where the last equality follows from part 1 of Lemma 5. Therefore, W (o) = ¢({o, u)) for all
o € ¥. By part 3 of Lemma 11, —M = {Au: A € Mz}, Therefore, since p is nonzero: 0 € M
if and only if 0 € Mg; part a implies Mz C R_; and the first part of b implies that 0 is not
an isolated point of M.

First suppose that 0 ¢ M, implying 0 ¢ Mg. Let t,t' € [a,b] be such that ¢ < ¢'. By
Theorem 9,

¢(s) = v s —¢"(N)] Vs € [a,b].

Let A < 0 be a solution of the above maximization at s = ¢'. Then,

S(t') = M = ¢*(N) < M — ¢*(V) < max [\ — ¢"(\)] = §().

AeM;

Next suppose that 0 € M, implying that 0 € M. Then,

I () 0 I () Bl G (28)
AN 0:ApeEM A AN0:—AEM 5 A
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where the first equality follows from part b and the second equality follows from M = {A\p :
—A € My}, p being nonzero, c(v) = W*(—v) for all v € M, and part 2 of Lemma 11. For
any A € (0,00), define by € R by by = w . Since 0 € Mg is not an isolated point of
M, Equation (28) implies that there exists a sequence A, in =M\ {0} such that A, \, 0
and lim, by, = b. Since ¢* is convex, by is nonincreasing in A € (0,00). Therefore, for any
sequence A;, in (0, 00) such that A}, \, 0, lim,, by, = lim,, by,,. This implies that the limit on the
right hand side of Equation (28) is equal to %(0). By Corollary 2, ¢ is strictly decreasing. W

I Proof of Theorem 8

The necessity of the axioms is straightforward. For sufficiency, suppose that 7 satisfies Ax-
iom 1, strategic rationality, and PERU. By Lemma 3, there exists a continuous function
V : A — Rsuch that P 7 Q if and only if Ep[V] > Eg[V]. As we showed in Appendix F, since
7 satisfies strategic rationality, V(A) = max,ca V({p}) for all A € A. Define f: A(Z) = R
by f(p) = V({p}). By Lemma 4, f is Lipschitz continuous and convex. Let

HE{UERZ:Zuzzo}.
z€Z

The following result identifies H with the set of all linear functions on A(Z) in order to prove

a variation of Fenchel duality for the function f:

Lemma 12 If f : A(Z) — R is Lipschitz continuous and convex, then there exists a nonempty
compact set ¥V C H and a lower semi-continuous function ¢ : V — R such that

f(p) = max{ov(p) — ¢(v)]

veY

forallp € AN(Z). Moreover, this set V can chosen to be minimal in the following sense: If V' is
a compact proper subset of V, then there exists p € AN(Z) such that f(p) > max,ey [v(p)—c(v)].

Proof: Suppose that f : A(Z) — R is a Lipschitz continuous and convex function. Let
n = |Z|. Without loss of generality, let n > 2 and Z = {1,...,n}. Let

-1
C—{seRnl'—1<s»and nz:s-<1} 43
= TR =% =0
i—1

431t is standard to represent the set of all probability distributions over a set of n prizes as the set
D={scR"1':0<s and Y7's; <1}. Theset C is simply the translation of the set D so that the
uniform distribution is represented by the 0 vector in R"~! instead of the vector (1/n,...,1/n) € R*~1.
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Note that C is closed and convex. Define ¢ : C' — A(Z) by:

n—1

1 1
C(s) = 51+ﬁ,...,5n_1+ﬁ,—28j+—

for any s € C. Note that ¢ is well defined (i.e., takes values in A(Z)), one-to-one, onto A(Z),
and satisfies ((as + (1 — a)s’) = al(s) + (1 — a)((s) for all s,s" € C, a € [0,1]. Therefore,
as an affine function defined on a finite-dimensional vector space, ¢ is Lipschitz continuous.
Also, since ( is a bijection, the inverse function (7! : A(Z) — C exists.

Define ¢ : R"~! — H by:

1 il 1 n-1 1 n—1
Et)y=|t1 — ﬁztj""’t”_l - ﬁztj’_ﬁztj
7=l j=1 j=1

for any t = (t1,...,tn—1) € R"" 1. Note that ¢ is well defined (i.e., takes values in H), linear,
one-to-one, and onto H. Therefore, the inverse function £~!: H — R" ! exists and is linear.
Since ¢ and ¢! are linear, they are Lipschitz continuous. Note also that ¢ - s = £(t) - ((s) for
allt e R" ! and s € C.

Define the function g : ¢ — R by ¢ = f o (. Then, g is Lipschitz continuous as the
composition of two Lipschitz continuous functions, and ¢ is convex since ( is affine and f
is convex. By Theorem 9, there exists a nonempty compact 7' C R"! and a lower semi-
continuous function d : T'— R such that

9(s) = max[t-s —d(t)]

for all s € C and, in addition, for any compact proper subset 7" of T, there exists s € C' such
that g(s) > maxyer [t-s—d(t)]. Let V = £(T) and define the function ¢ : V — R by ¢ = do&~ 1.
Then, V is a compact subset of H and c is lower semi-continuous. For all p € A(Z),

f(p) =g(¢"'(p)) = max[t- ¢ (p) — d(t)]

teT

= max [£(¢) - p — c(£(1))]

teT

= max [v(p) - ¢(v)].

Moreover, if V' is a compact proper subset of V, then T = £~1(V') is a compact proper subset
of T. Thus, there exists s € C such that g(s) > maxseq [t - s — d(t)]. Letting p = ((s), it
follows that f(p) > maxseyr [v(p) — ¢(v)]. [ |
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By Lemma 12, there exists a compact set V C H and a lower semi-continuous function
c:V — R such that for any A € A,

V() = ma £ () = mae (g (s) — ).

Moreover, for any proper compact subset V' of V, there exists p € A(Z) such that V({p}) >

max,ev [0(p) — c(v)].
Define a function ¢ : H — C'(U)* as follows:

[ ollo, ol #0
o) _{ 0 ] =o0.

Note that ¢ is norm-to-weak* continuous. To see this, fix any v € H and any net {vg}4qep C H
such that vg — v. Let pg = ¢(vg) for d € D and let p = ¢(v). We will show that pg — p.
There are two cases to consider:

e Case 1 — v = 0: In this case, ||vy|| — 0 and g = 0. Fix any continuous function
g : U — R. Then, there exists M > 0 such that |g(u)| < M for all u € U. Therefore,

‘Amwwmm

smmMeo=memm»

Since this is true for any continuous function g, we have jg — p.

e Case 2 — v # 0: In this case, since vy — v, there exists d’ € D such that |Jvg|| > 0 for all
d > d'. Without loss of generality, suppose ||vg|| > 0 for all d € D. Hence, Hziill = T
Fix any continuous function g : Y/ — R. Then,

| stwhnatan = ala(gty) = ol (gzp) = | atwutan)

Since this is true for any continuous function g, we have jg — p.

Let M = ¢(V). Then, M is weak* compact by the continuity of ¢. Define ¢ : M — R
by é(p) = e( [, up(du)). Since ¢ is lower semi-continuous and the mapping p — [, u p(du)
is weak™ continuous, ¢ is weak* lower semi-continuous. We claim that (M, ¢) is a max-HA
representation for 7. To see this, fix any v € V and let = ¢(v). Then, [, upu(du) = v, and
hence ¢(u) = ¢(v). Therefore,

| max u(p) pldu) — &(p) = maxv(p) — c(v),
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which implies that V satisfies Equation (1) for (M, ¢é):

V(A) = max (maxv(p) - c(v)> = max ( max u(p) pu(du) — a(@) .

vey pEA nemM u PEA

To see that M is minimal, consider any proper subset M’ of M. Let V' = {v € V : ¢(v) € M'}.
Then, V' is a compact proper subset of V such that ¢(V') = M’. By the minimality of V,
there exists p € A(Z) such that

V() > mas 0(p) — e(0) = ma ([ o) utao) - (0.

veY! peM’

Thus, M is minimal.
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