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Abstract

Consumers with false beliefs and uncertain intrapersonal variations in present

bias are shown to display heterogeneous behavior in the face of exploitative credit

contracts. Their degree of optimism, the intensity of their precautionary savings

motives, and their ‘satiation’level may be responsible for under or over borrowing

with respect to sophisticated consumers. Arising ineffi ciencies may not asymptot-

ically vanish, even with nonsatiation and in the absence of additional contractual

frictions such as market power or adverse selection. (JEL D14, D81, D86, G51)

Keywords: Present bias, optimism, borrowing, long-run welfare.

1 Introduction

Much progress has been made in the last twenty-five years in the study of the conse-

quences of time inconsistency, and present bias, on economic decisions.1 Particularly,

contractual consequences of naïveté and present bias have been explored for credit mar-

kets (see, e.g., Heidhues and Köszegi (2010) and, more recently, Gottlieb and Zhang

(2021)).

1See, e.g., Frederick, Loewenstein and O’Donoghue (2002), Laibson (2006) for earlier, and O’
Donoghue and Rabin (2015) for more recent, general assessments of the present bias literature.
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Most of the studies assume that individual preferences are represented by a single

procrastination parameter, while variations may occur across individuals, at the popula-

tion level. Evidence from the psychology and neuroscientific literature instead highlights

that even for a single individual behavior, and thus the parameters representing it, may

be subject to variations over time. These intrapersonal variations stem from influences

of the environment on the neuro-cerebral system. In other words, while the chemistry-

physics of the wiring and functioning of this system is surely constrained by genetics,

and may lead an individual to be prone to procrastination as a by-product of the in-

teraction of its limbic system with the frontal cortex,2 epigenetic phenomena shape the

brain and affect behavior, even past the fetal or childhood portion of life. In fact, sen-

sory inputs produced by stressful external situations may alter individual behavior, for

instance in the ability to perform tasks at the ‘appropriate’or planned time —e.g., pro-

crastinating. Personal events, such as divorce, the birth of a child, or unemployment, as

well as macroeconomic events such as a recession – as they may produce stress– may

affect the intensity of procrastinating behavior.3 Personality psychology has recognized

that individual traits are subject to intrapersonal variations due to internal or external

‘states’or situations.4 Thus, an individual should be more properly characterized by a

distribution or process of states affecting their procrastination parameter, as well as by

their perception of, or beliefs over, these states.

It is an easy further step to consider that firms offering credit to individuals can

estimate the potential situations an individual may face through observables such as age,

gender, profession, marital status, and other socio-economic variables. In other words,

the firm may have quite accurate statistical information on the probability of future

variation in the intensity of procrastination, whereas the individual may entertain beliefs

which disagree with such probabilistic assessment. Does this more complex picture of

naïve present bias have economic consequences? In this paper, we take this approach

and study the case of borrowing behavior.

Positing present bias and the consumers’wrong estimation of their tendency to pro-

2For a dual-self theory of present-bias see, e.g., McClure, Laibson, Loewenstein, and Cohen, 2004.
3For an accessible, divulgative but authoritative summary of this viewpoint, see Sapolsky (2017).
4See, e.g., the survey by Ness, Foley, and Heggestad (2021), and van Eerde (2003), that support

the possibility that the intensity of procrastination depend on external situations or states, which are
inherently random.
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crastinate, we take a closer look at other independent features of consumers’preferences,

reflecting ancillary behavioral features such as risk aversion and prudence. We then find

that these additional features combine with present bias and naïveté to deliver a wider

range of behaviors. The ensuing heterogeneity of consumers’behavior may open the

door to more successful identification strategies to test the proposed theories of present-

biased-driven borrowing behavior. As in the data prudence and risk aversion are often

correlated with the consumers’socioeconomic status, the latter may be responsible for

consumers’over or underborrowing, and for their resulting long-run welfare.

In our model individuals display time inconsistency of the β-δ type, and seek to

solve a consumption-savings problem. They face idiosyncratic uncertainty over time,

in particular regarding the future value of the procrastination parameter β. They have

beliefs µ over β, and incorrectly perceive their procrastination tendencies. Firms are

fully rational and aware of an individual’s misperception of their present bias. They

have correct beliefs π about a consumer’s present bias realizations and future income.

They take advantage of individuals’misperceptions by offering flexible contracts, i.e.,

menu contracts with multiple repayment options to be exercised by the consumer’s future

selves. Our consumers can borrow today and at future dates as long as they have lifetime

income to pay back.

Within this setup, we study the contract that a naïve present-biased consumer would

receive at the equilibrium of a competitive market for contracts. We show that two fea-

tures of individual preferences and beliefs play a key role: the intensity of precautionary

savings motives, or prudence; and the level of naïveté.

It turns out that prudence is the main feature of preferences linked to the naïve con-

sumers’borrowing behavior. This is most starkly seen when the firms’assessment of the

individual intrapersonal variations of procrastination intensity corresponds to a proba-

bility distribution with full support. Then, when the prudence-to-risk aversion ratio is

greater than two, present-biased and partially naïve consumers display underborrowing.

The prudence-to-risk aversion ratio is v′′′v′/(v′′)2, where v′, v′′ and v′′′ are the utility first,

second and third derivatives, and −v′′′/v′′ measures precautionary savings motives (see,
e.g., Kimball 1990). A log utility displays a ratio of two. Underlying the effect of pru-

dence on borrowing behavior is consumption variability in the optimal credit contract,

which in turn depends on the consumer’s beliefs being pessimistic or optimistic. We
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define pessimism, and show that pessimistic consumers are immune from manipulative

distortions. Indeed, their optimal contract prescribes no variation in future consump-

tion, or full insurance, just as the committed sophisticated consumer likes. However, as

long as the consumer is risk averse and not pessimistic about her own tendency to pro-

crastinate, incentive constraints distort the sophisticated contract requiring variability

in future consumption across self state realizations. As a result, with suffi cient prudence

a precautionary savings motive translates this future consumption variation into higher

savings at time zero, or less borrowing than the sophisticated consumer would sign up

for.

We should stress that mixed patterns of borrowing behavior can obtain while we

fix preferences and income parameters (with over- or under-borrowing depending on

individual perceptions of their procrastination tendencies, or on their subjective beliefs).

As for welfare consequences, we prove that the ineffi ciency due to naïve present bias

distortions does not vanish asymptotically. Thus, under naïve uncertain present bias

markets fail from a long-run welfare perspective even if there is no adverse selection

—even if firms know the consumer’s type before the contract offer. Unlike in the special

case of a deterministic individual procrastination parameter studied in Citanna, Got-

tlieb, Siconolfi and Zhang (2022b), persistent ineffi ciencies arise even with long-term

contracting no matter what the level of expected lifetime income is. In Citanna et al.

(2022b) the lifetime income level mattered because of ‘imaginary satiation’: selves which

do not realize under π can achieve their consumption upper bound in the baseline con-

tract option when they are rich enough. Here either the true distribution displays full

support, and hence there are no imaginary selves, or we impose a nonsatiation condition.

Yet, consumers suffer from the negative consequences of their naïveté and bias no matter

the contractual time horizon. The reason is the induced volatility of future consumption

in the optimal contract, due to optimism and uncertain present bias.

Related literature Following Strotz’s 1956 pioneering analysis and work by, e.g., O’

Donoghue and Rabin (1999, 2001), the literature has examined the combined effects of

present bias with the individual’s optimistic assessment of their bias, or naïveté. This

literature has focused on the case where the individual’s true procrastination parameter

β is certain. An individual is present biased if β < 1. The individual is deemed (fully)
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naïve if they believe future selves are biased instead according to a value β̂ = 1, and

is partially naive if β̂ ∈ (β, 1). We embed all of these cases in our framework, which

generalizes also the notion of perception-perfect equilibrium (as introduced for the special

case of no uncertainty in O’Donoghue and Rabin (1999, 2001)).

Specifically for borrowing behavior, the closest study to our own is Heidhues and

Köszegi (2010) (see also Köszegi (2014)) and Sulka (2022)). Focusing on the effects of

naïveté as a determinant of borrowing behavior, and thus comparing naïve and sophisti-

cated consumers, Heidhues and Köszegi (2010) conclude that naïve present-biased agents

overborrow in credit markets, reflecting the ‘exploitative nature’of financial contracts.5

We show that the effect on borrowing depends primarily on the prudence-to-risk aver-

sion ratio. Heidhues and Köszegi’s overborrowing result followed from having imposed

that consumers can only borrow today.6 With uncertain present bias, overborrowing

is obtained, without limits to future borrowing, when the consumers’prudence-to-risk

aversion ratio is low, namely, less than or equal to 2.

By using time-consistent sophisticated ‘long-run preferences’as a welfare measure for

present-biased naïves, recently Gottlieb and Zhang (2021) argued that naïve present-

biased consumers do not suffer much from their bias unless there are other imperfections

—e.g., market power, or adverse selection. Dropping their assumption that the consump-

tion upper bound is not attainable, the analysis of this special case where the consumers’

present bias parameter is certain (i.e., where S = {β, β̂} and π(β) = 1 = µ(β̂)) in Ci-

tanna et al. (2022b) already unveils that the ineffi ciency due to naïve present bias may

not dissipate even when the contracting horizon is large. This is shown to be a func-

tion of the individual’s lifetime expected income. Our analysis here of the case when

the consumers’present bias parameter is uncertain shows that the ineffi ciencies extend

more broadly in these environments, and do not depend on expected lifetime income.

Thus, even if there is no adverse selection problem, markets do not perform well.

Elasticity of substitution, prudence are also typically correlated with wealth: the

5Contracts are exploitative when their primary aim is to take advantage of agents’mistakes. See
Köszegi (2014).

6Heidhues and Koszegi (2010) and Koszegi (2014) correspond, in our model, to the special case
where the state space is S = {β, β̂}, the time horizon is T = 2 and beliefs are π(β) = 1 while µ(β̂) = 1.
We show in Citanna et a. (2022b) that Köszegi’s (2014) example is reversed if the unrealistic one-time
borrowing restriction is removed.
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micro data also shows that many wealthier households display larger prudence and elas-

ticity coeffi cients greater than one.7 Empirical evidence in support of overborrowing

because of naïve present bias seems hard to come by (see Zinman, 2014).8 Our results

suggest that one way around the empirical diffi culties is to take into account consumers’

preferences heterogeneity, and use wealth differences as a proxy for heterogeneous pru-

dence and intertemporal substitution motives.

Our granular approach to borrowing by present-biased naïves is inspired by Strotz’s’

(1956) own analysis and O’Donoghue and Rabin’s (1999) comments in a footnote,9 con-

jecturing that consumer behavior may depend on ancillary features of preferences (e.g.,

concavity of utility). We show that their conjectured conclusions are almost correct,

because even utilities more concave than log may display underborrowing if beliefs are

suffi ciently optimistic.

From a methodological viewpoint, we cast the contracting problem under naïve

present bias as one of dynamic hidden information (of the kind studied, e.g., by Thomas

and Worrall (1988)). As a result, a key inverse marginal utility inequality must hold.

When the inverse marginal utility function is concave and under nonsatiation, the inverse

marginal utility inequality is strict via Jensen’s inequality, yielding underborrowing.

Section 2 introduces the environments. Section 3 defines the allocation problem, and

effi ciency. Section 4 studies the case where there are no imaginary selves, i.e., where the

true selves distribution has full support. Section 4.2 defines pessimism, and characterizes

borrowing behavior and welfare for naïve individuals. Section discusses the case where

the full support condition fails. Appendix A contains some proofs. Appendix B adds

ancillary results: it discusses pessimism, and a closed economy.

7Havranek’s (2015) metastudy underscores a large variance in the elasticity of intertemporal sub-
stitution estimates across socio-economic groups. Guvenen (2006) provides evidence of the correlation
between wealth heterogeneity and the elasticity. Positive correlation between prudence and wealth has
been documented in experimental studies, most recently, e.g., by Noussair, Trautmann and van de
Kuilen (2014).

8Meier and Sprengen (2010), e.g., find, in a lab experiment, that there is overborrowing with respect
to the time consistent sophisticates, but their study is moot with respect to the role of naîvete per se.

9“That sophistication can hurt you is, however, implicit in Pollak (1968). In the process of demon-
strating a mathematical result, Pollak shows that sophisticates and naifs behave the same for logarithmic
utility. From this, it is straightforward to show that for utility functions more concave than the log
utility function, sophisticates save more than naifs (i.e., sophistication mitigates self-control problems),
whereas for less concave utility functions, sophisticates save less than naifs (i.e., sophistication exacer-
bates self-control problems).”From O’Donoghue and Rabin (1999, f.note 24, p. 119).
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2 The model

Time and uncertainty are represented by a tree structure. There are T < +∞ dates.

Individual uncertainty is generated by a time-homogeneous Markov transition π : S →
∆(S) where S is a finite set of personal states. We let st = (s0, ..., st), with st ∈ S, be a
history of length t from initial state s0, St be the collection of histories st, and {St}t∈T
is the corresponding tree. All time-indexed variables are functions (processes) on ST

adapted to the tree. Hereafter, we write π(st) for the probability of history st. For any

process yt, t ≥ 0 we let yt+1,τ = (yt+1, ..., yτ ), for τ > t, denote the continuation path

from t+ 1 to τ .

There is a continuum of ex-ante identical individuals (or consumers). Individuals

have one self at each t ∈ T , ‘self t’, with possibly multiple realized types under π. Indi-
viduals have subjective beliefs µ : S → ∆(S) on the Markov states, and are discounted

expected utility maximizers.

There is one physical good. The consumption process is xt, t ≥ 0, with xt(st) ≥ 0,

all st ∈ St and t ≥ 0. Time inconsistent preferences are of the (β, δ)-form, representing

present bias.10 Self 0’s utility is

u(x0) + E0,µ

∑
t>0

δtv(xt)

and self t’s utilities are

v(xt) + βtEt,µ
∑
τ>t

δtv(xτ ),

where βt, t > 0 is self t’s discount factor (process) between period t and periods τ > t,

and δ ≤ 1, Et,µ is the expectation operator under subjective probability µ conditional
on the information available at t, and u and v are Bernoulli indexes u, v : R∗+ → R∗.
Distinguishing between future utility v and present utility u allows to incorporate time

inconsistency also for self 0 via a factor β0 ≤ 1 and by setting u = v
β0
, the case β0 = 1

corresponding to no procrastination at t = 0. Observe that the consumption space is

the closed interval [0,∞]: the upper bound ∞ is attainable. This matters when π does

not have full support. Attainability is discussed in Citanna et al. (2022b).

10See, e.g., Phelps and Pollak (1968), Pollak (1968), or Laibson (1994, 1997).

7



We introduce standard assumptions on discount factors and utilities.

A1 u and v are continuously differentiable on R++, strictly increasing and concave on

R+, with at least one strictly concave, and v(0) > −∞.

βt(s
t) = β(st), all t > 0, with β(st) increasing in st, and maxs∈S β(s) < 1.

As a result, v(x) = ∞ only if x = ∞ (but not necessarily), and similarly for u. To

include log utility or CRRA functions more concave than log, the consumption lower

bound needs to be rescaled up to a positive number. The time independence of βt and

our assumptions on π and µ imply that the economy is Markovian. Restricting attention

to Markovian environments is common to much of the time-consistency literature. The

monotonicity assumption on β(s) is without loss of generality since it always holds true

up to a relabeling. We will comment below in Section 4 about the upper bound on the

betas.

Throughout, we assume that firms offering contracts to individuals know the true

distribution π and also the utilities u and v, thus β0. When π is nondegenerate, firms face

uncertainty about the individuals’procrastination tendencies. Over time individuals get

to know their tendency to procrastinate while firms do not, in what we see as a form of

hidden information. Uncertainty about utilities, or β0, create a much different adverse

selection problem.

Aggregate resource consumption at date t depends on the distribution of selves, via

π. With the usual identification of ex-post resources with expectations,11 Eπ(xt) are the

aggregate resources consumed by contract x at t. Total lifetime consumption induced by

process x is
∑

t≤T ρ
tEπ(xt), with ρ > 0 a market discount rate. Individuals are endowed

with material resources over time. Total lifetime resources are r > 0.12

Our focus on lifetime quantities and the use of a market discount rate reflect the

possibility of borrowing and saving with a ‘deep-pocketed’outside agent, in the tradition

of Green (1987).13

11This identification can be justified using a law of large numbers as in Uhlig (1996), or another
aggregation technology reflecting the pooling of individual risks.
12Making the dependence of r on T, ρ explicit does not alter any conclusion of the paper, while it

makes notation and some arguments cumbersome.
13Closed economies with no time aggregation can be accommodated by adding a time consistent
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Lifetime resources r result from the aggregation of endowments, which can fluctuate

over time and be stochastic. As long as endowment uncertainty is known by the indi-

vidual, it plays no role. Thus, we omit the specification of the endowment distribution

throughout.

3 Effi ciency

We define the allocation problem and effi ciency in these environments. An allocation

is a contract (process) x ≡ (xt, t ≥ 0), and G is the set of all such allocations, with

G = ×t,st [0,∞]. An allocation x is feasible if∑
t≤T

ρtEπ(xt)− r ≤ 0. (F)

The distinctive feature of the environments is that firms offer contractual options to

consumers, which here are represented by st-contingent net trades. Self 0 selects a

contract x at time 0, i.e., a menu of options, and then at any t > 0 self t selects one

from the available options, acting on the contract according to their own preferences

and beliefs. A caveat is in order when π does not have full support. As selves’choices

at τ > 0 affect utility of selves at t preceding τ , who hold beliefs µ, behavior must be

specified even for selves (histories) that may not realize under π but realize under µ.

Implicitly, we are assuming that individual expectations over histories sτ are rational at

any time, and common across selves t that precede τ . They are sensitive to information

revealed by state realizations, via transition µ. In other words, we are going to apply

the requirements of perfection-perfect equilibrium (see O’Donoghue and Rabin (1999,

2001); also see Gottlieb and Zhang (2021, Appendix E, p. 10)).

This is equivalent to letting selves t change any history sT into sT ′ while constrained

by the choices of past selves at histories st−1, thus inducing manipulated contingent

consumptions xt(sT ′) much like in a dynamic hidden information economy.

For any t > 0, we define self-t choice as a φ̂t ∈ S, a history of choices up to time
t is φ̂

t
= (φ̂1, ..., φ̂t). Given sT , consumption process x and history φ̂

t−1 ∈ St−1 of

agent. The same borrowing behavior of the naïve present biased individual is then obtained while
fixing the utility level of the time-consistent agent.
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past menu choices, self t’s choice φ̂t picks an element in the time-t menu, xt(φ̂
t−1
, s)s∈S,

and modifies menus available to subsequent selves. Selves choices are described as (pure)

strategies. A (pure) strategy for self t is σt, a map from histories φ̂
t−1
of choice outcomes

and st into a choice φ̂t at t. A strategy process is σ ≡ (σt, t > 0).

As any self makes contractual choices anticipating that future selves will choose

among the available options according to their own preferences, selves’strategies satisfy

a sequential rationality, or subgame perfection, requirement. As customary (see, e.g.,

Luttmer and Mariotti (2003) and references therein), and given that the economy is

Markovian, we impose a further behavioral restriction and use Markov Perfect Equi-

librium (MPE) as a solution concept to characterize the selves’interaction.14 ,15 We let

ΣM(x) denote the set of MPE strategy profiles of game xt, t ≥ 0, i.e., of subgame perfect

equilibrium profiles where strategies are Markovian. In fact, in these environments when

studying MPE allocations we can further restrict attention at no loss of generality to

incentive compatible strategies, i.e., strategies which involve truthtelling at every his-

tory. A strategy process σ is said to be truthtelling if σt(φ̂
t−1
, st) = st, all φ̂

t−1
and st,

all t > 0, denoted as σid. We say that x is incentive compatible (IC) if σid ∈ ΣM(x). An

allocation xIC is incentive compatible effi cient (IC-effi cient) if it solves

maxx∈G u0(id, x;µ) s.to

σid ∈ ΣM(x) and F.
(IC-problem)

An IC-effi cient allocation takes into account material balance as well as Markov perfect

individual behavior, thus it defines a second best in these economies. Equilibrium alloca-

tions of some competitive mechanism (e.g., a perfectly competitive market à la Debreu,

as in Citanna and Siconolfi (2020); or a Bertrand competitive game among credit firms,

as in, e.g., Heidhues and Köszegi (2010)) are IC-effi cient allocations.

14More complex SPE strategies also give a lot of coordination power to the individuals’multiple
selves —generally allowing for commitment behavior to emerge—against the spirit of present bias and
the empirical evidence supporting it. A result on borrowing that depended on complicated strategic
behavior in the intrapersonal game would be less compelling.
15Recall that a strategy profile σ is Markovian if σt depends on st only via its payoff-relevant com-

ponent. As (βt, µt)(s
t) = (β(st), µ(st+1|st)), the payoff-relevant component is st, i.e., σt(φ̂

t−1
, st) =

σt(φ̂
t−1

, st), all φ̂
t−1
, t > 0 and st. Obviously, as the time horizon is finite, strategies are time dependent,

and not time homogeneous, as underscored by the subscript t.
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Finally, the following terminology is used throughout. We say that an individual is

sophisticated if her beliefs coincide with π. Otherwise, the individual is unsophisticated.

Given concavity of the utility functions, a full insurance consumption process is always

incentive compatible and it is weakly preferred by a sophisticate to any other process,

strictly if v is strictly concave. Thus, for a sophisticated individual, the constraint

σid ∈ ΣM(x) in the IC-problem is never binding. We refer to the sophisticated problem

as the FB-problem, for ‘First Best’(a term explained by the full insurance nature of the

contract).

In the literature on welfare comparisons, a further distinction in made by using the

‘long-run preferences’of the individual (see, e.g., Gottlieb and Zhang, 2021). Then, a

time-consistent sophisticate is compared with a time-inconsistent unsophisticated indi-

vidual. We label the time-consistent sophisticated consumer long-run sophisticate, and

the allocation is asymptotically effi cient if it approximates

max
x∈G

E0,π

T∑
t=0

δtv(xt) s. to F

as the time horizon T grows arbitrarily large.

Full vs. partial naïveté. We say that consumers are fully unsophisticated if

S = {1, 2}, and both π and µ put probability one on one state opposite to each other, i.e.,
π(s′|s) = 1−µ(s′|s) ∈ {0, 1}, all s, s′ ∈ S. In fact, consumers are fully naïve or optimistic
if π(1|s) = 1 = µ(2|s) for s = 1, 2; they are fully pessimistic if π(2|s) = 1 = µ(1|s). Thus,
fully naïve consumers’subjective beliefs are completely false, and repeatedly optimistic.

Fully unsophisticated consumers are otherwise repeatedly pessimistic. Outside these

cases, we say that consumers are simply (partially) unsophisticated. Thus, if S = {1, 2}
but π has full support, consumers are partially unsophisticated. We will discuss below

how to distinguish naïves from pessimists in these less extreme settings.

Fully naïve individuals are called partially naïve in O’Donoghue and Rabin (1999,

2001)) since β(2) < 1; they are fully naïve in these authors’definition when β(2) = 1

—a case we have excluded; see also Gottlieb and Zhang (2021). The important point to

note here is that these authors’definition of partial naïveté is embedded as a special
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case into our setup. Fully naïve behavior is studied in Citanna et al. (2022b).

3.1 An equivalent formulation

As often done in dynamic hidden information environments, we cast the IC-problem in

the payoff space, where it is easier to characterize. Given a consumption process x, we

let u0 ≡ u(x0) and vt(st) ≡ v(xt(s
t)) be the corresponding utiles, i.e., u0 is a utility

level at t = 0, and vt(st) is a utility level at history st. Vice versa, given a utile process

u0, vt, t > 0, strict monotonicity and continuity of the utility functions u and v yield a

unique corresponding consumption process x with x0 = u−1(u0) and xt(st) = v−1(vt(s
t))

provided that

u0 ∈ [u(0), u(∞)] and vt(st) ∈ [v(0), v(∞)], all st and t > 0. (B)

Given u0, vt, t > 0, let vτ (s, t), τ > t be the derived utile continuation process from st

when φt(s
t) = s, with entries vτ (s, t)(sτ ) = vτ (s

t−1, s, st,τ ) for every history sτ = (st, st,τ ).

Then, process vt, t > 0 is incentive compatible if, for all st, t > 0,

vt(s
t) + β(st)Est,µ

∑
τ>t

δτ−tvτ ≥ vt(s
t−1, s) + β(st)Est,µ

∑
τ>t

δτ−tvτ (s, t), (IC)

all s ∈ S. It is feasible if

u−1(u0) + Eπ
∑
t>0

ρtv−1(vt) ≤ r. (F)

Then, the IC-problem can be written as

maxu0,vt,t>0 u0 + Eµ
∑

t>0 δ
tvt

s. to IC, F and B.

For any given sT−1, the incentive constraints at T read

vT (sT−1, s) ≥ vT (sT−1, s′), all s, s′,
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thereby implying sT -invariance of the random variable vT . Hereafter, we drop the

incentive constraints associated to self T and we identify process u0, vt, t > 0 with

u0, (vt(s
t))t<T , vT (sT−1). We further write uFB0 , vFBt , t > 0 for a solution to the sophisti-

cated problem, and uIC0 , vICt , t > 0 for a solution to the IC-problem.

With this formulation, we study welfare implications of naïve present bias and com-

pare the unsophisticated and sophisticated individuals’borrowing behavior. Recall that

an individual is sophisticated if µ = π. We say that the unsophisticated individual un-

derborrows with respect to her sophisticated self if uIC0 ≤ uFB0 . Otherwise, the individual

overborrows. The individual strictly underborrows if uIC0 < uFB0 . Finally we say that a

utile process u0, vt, t > 0 is interior if both u0 > u(0) and u0 < u(r), that is, if period 0

consumption is positive but less than the total resources available. It is strongly interior

if, further, vt > v(0), all t > 0.

4 The analysis

We consider first the case where π has full support, as this eliminates rules out the

existence of purely imaginary selves, i.e., of s ∈ S with π(s|s′) = 0 all s′ ∈ S and

µ(s|s′′) > 0, some s′′ ∈ S, simplifying existence arguments and allowing us to focus on
the main feature of the problem:

A2.1 (π has full support) π(·|s)� 0, all s ∈ S.

Assumption A2.1 leads to vt(st) < v(∞) for all st, via feasibility, and to the existence

of a finite (in consumption space) solution to both the sophisticated and unsophisticated

problems, no matter the lifetime income level r.

4.1 A simple setting

It is convenient to start from the simple case where T = 2 and S = {1, 2}. Further, we
let δ = ρ = 1, and take u = v (i.e., β0 = 1), normalizing v(0) = 0. We finally assume

that limx→0 v
′(x) =∞. As a result, all solutions are strongly interior, and are unique.

By strict concavity of v, vFBt (st) is st-invariant, t = 1, 2, and by incentive compati-

bility, vIC2 (s2) = vIC2 (s1). Thus, since s0 is given, hereafter we drop any reference to it
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and write s for history s1 = (s0, s) – – and thus use π(s), µ(s) for the corresponding

probabilities, and vt(s) for the utiles.

Thus, the IC-problem takes the form

maxvt,t=0,1,2 v0 +
∑

s µ(s)
∑

t=1,2 vt(s) s. to B and

v1(1) + β(1)v2(1) ≥ v1(2) + β(1)v2(2),

v1(2) + β(2)v2(2) ≥ v1(1) + β(2)v2(1),

(IC − 1)

(IC − 2)

v−1(v0) +
∑

s π(s)
∑

t=1,2 v
−1(vt(s)) ≤ r. (F )

The FB-problem is identical to the IC-problem except for not including the IC con-

straints, and for having µ = π. First order conditions for the FB-problem are

v′(xFB0 ) = v′(
r − xFB0

2
). (FOC-FB)

Crucially, the solution to the IC-problem satisfies the ‘inverse marginal utility’equation

1

v′(v−1(uIC0 ))
= Eπ

1

v′(v−1(vICt ))
, all t > 0.

Indeed, consider the following variational argument:16 change v0 by one (suffi ciently

small) utile, while reverse changing by one utile vt(s), all s, first for t = 1 and then

for t = 2. Such changes are clearly incentive compatible, and viable as the solution is

interior, while they do not change lifetime utility. They generate a change in consumption

of resources equal to 1
v′0
−Eπ 1

v′t
. Optimality requires that such resource changes be equal

to zero, that is, that the inverse marginal utility equation holds true.

Then, the effect of unsophistication on borrowing depends on whether subjective

beliefs are pessimistic or optimistic, and in the latter case on the curvature of the inverse

marginal utility function. Beliefs are optimistic, or naïve, if µ(2) > π(2), while they are

pessimistic if µ(1) > π(1).

Indeed, if the unsophisticated solution displays variability in future consumption

across self types, i.e., xICt (1) 6= xICt (2) for some t > 0, and if the function 1/v′ is

concave, there is strict underborrowing, vFB0 > vIC0 ; while if 1/v′ is convex, there is

16This is reminiscent of arguments in the hidden information literature (see, e.g., Golosov, Kocher-
lakota and Tzivinski, 2003), where a similar inverse Euler equation is a standard property.
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overborrowing, and vFB0 < vIC0 . Why?
By feasibility it is Eπxt = r−x0

2
. Then, when 1/v′ is concave, the inverse marginal

utility equation implies, via Jensen’s inequality,

1

v′(xIC0 )
<

1

v′(EπxICt )
,

which by comparison with FB-FOC delivers strict underborrowing, or saving more.

Consumption variability, though, is entirely determined by beliefs: it is present if

beliefs are naïve, while with pessimistic beliefs variability is absent. Let’s see why.

For a pessimist, it must be that
∑

t=1,2 v
IC
t (s) is weakly decreasing in s. For if not,

since µ(1)− π(1) = π(2)− µ(2) > 0, the reverse implies Eµ
∑

t=1,2 v
IC
t < Eπ

∑
t=1,2 v

IC
t .

Thus,

vIC0 + Eµ
∑
t=1,2

vICt < vIC0 + Eπ
∑
t=1,2

vICt ≤ vFB0 + Eπ
∑
t=1,2

vFBt

= vFB0 + Eµ
∑
t=1,2

vFBt

where the weak inequality comes from vICt , t ≥ 0 feasible in the FB-problem, and the

equality holds because vFBt is s-invariant. As vFBt , t ≥ 0 satisfies all the constraints in

the IC-problem, this is a contradiction to the optimality of vICt , t ≥ 0. Hence, combining∑
t=1,2 v

IC
t (s) weakly decreasing with the two incentive constraints, and 1 > β(2), the

only solution is pooling, or vICt (s) is s-invariant, all t > 0.17 By strict concavity of v and

since ρ = 1, vICt (s) is also t-invariant, and it thus coincides with the FB-solution.18

The naïve solution instead can never be pooling, thus it cannot be the sophisticated

one. Indeed, consider the following contract change: decrease v0 by one utile, ∆v0 = −1,

17Since 1 > β(2), summing the constraint v1(1) + v2(1) ≥ v1(2) + v2(2) with incentive constraint
IC-2, delivers the inequality v2(1) ≥ v2(2); while summing incentive constraints IC-1 and IC-2 delivers
v2(2) ≥ v2(1).
18To see the role of the assumption β(s) < 1, all s, we observe that the IC-problem with β(s)

is equivalent to the IC-problem with coeffi cients 1/β(s) (and where dates t = 1, 2 are switched). If
β(2) > 1 > β(1), then 1/β(1) > 1 > 1/β(2): a pessimist in the original problem would become
optimist in the equivalent problem. Thus, pessimists would also be affected by their beliefs, obtaining
underborrowing for any false belief. If instead β(2) = 1 > β(1), then 1/β(1) > 1 = 1/β(2), and the
pessimistic consumer would behave as a time-consistent individual.
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while decreasing v1(2) by κ utiles and increasing v2(2) by κ
β(1)

utiles. Pick κ so that the

overall change in self 0’s utility is zero, that is, κ satisfies the equation

∆v0 + µ(2)(∆v1(2) + ∆v2(2)) = 0,

that is

−1 + µ(2)(−1 +
1

β(1)
)κ = 0 or κ =

β(1)

(1− β(1))µ(2)
.

Since 1 > β(2) > β(1) and (vt, t ≥ 0) � 0, these changes in allocations are incentive

compatible, viable and do not change overall utility. However, they generate a change

in resource consumption equal to

− 1

v′0
+ π(2)[

1

v′1(2)
∆v1(2) +

1

v′2(2)
∆v2(2)]

= − 1

v′0
+ π(2)[

1

v′1(2)
− 1

β(1)

1

v′2(2)
]

β(1)

(β(1)− 1)µ(2)

If the naïve solution were pooling, it would coincide with the FB-solution, and then

v′1(2) = v′2(2) = v′0. Then π(2) < µ(2) would imply a saving in resource consumption,

contradicting optimality. Equivalently, this establishes the variability in future consump-

tion at the naïve solution. In other words, the variability in consumption is induced by

the interaction of incentive constraints and naïve beliefs.

Observe that with naïveté
∑

t=1,2 vt(s) is strictly increasing in s, while the reverse

holds for pessimists. In other words, the unsophisticated individual tries to consume

more in what she believes are the relatively more likely events, though her ability to do

so is limited by incentive constraints.

Thus, we reach the following conclusions:

A naïve consumer (strictly) underborrows when the inverse marginal utility 1/v′ is

(strictly) concave, overborrows when it is strictly convex. A pessimistic consumer behaves

as a sophisticated consumer.
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4.2 The general full support case

We now characterize the borrowing behavior of fully naïve individuals for more general

environments. Throughout, we assume that v(0) = 0.

4.2.1 Borrowing behavior

As noted in the simple setting, the key feature of the solution to the IC-problem is the

‘inverse marginal utility inequality’19 linking time-zero and future marginal utilities at

any naïve optimal contract,

1

u′0
≤
(ρ
δ

)t
Eπ

1

v′t
, for all t > 0. (IMU)

The intuition for why this is the case, and a short argument, was given in the simple

setting, where the solution to the unsophisticated problem was strongly interior. If the

naïve solution is not interior, the equality turns into the expression (IMU). Concavity

of 1/v′ then allows for the application of Jensen’s inequality while preserving the in-

equality, and yields underborrowing by comparison with the optimality conditions of

the FB-problem. To establish borrowing behavior, we add just an ancillary simplifying

assumption, guaranteeing that at a solution u0 > u(0), that is:

A2.2 u′(0) > v′( r∑
t>0 ρ

t ) maxt>0( δ
ρ
)t.

The borrowing behavior of unsophisticated consumers is then stated in the next

proposition.

Proposition 1 (No overborrowing) Under A1, A2.1 and A2.2, if 1/v′ is concave,

the unsophisticated individual does not overborrow.

Proposition 1 rules out overborrowing no matter the consumer’s lifetime income

r – fully naïve borrowers instead may overborrow for high enough r, as in Citanna

et al. (2022b). It does not rule out that the unsophisticated consumer mimics the

sophisticate. It is also moot on consumers’behavior when the inverse marginal utility is

19An inequality is obtained because, while the upper bound v(∞) is not binding, the lower bound
v(0) may be —e.g., when v is linear and ρ 6= 1.
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not concave. We then move on to further exploring borrowing behavior with the goal of

finding conditions under which strict underborrowing occurs. In the process, and in line

with what already highlighted in the simple setting, we discover the role that naïveté

plays in determining consumers’behavior.

Pessimism, and strict underborrowing. Naïveté, or optimism, is clearly more than

just having wrong beliefs. In the simple setting, where T = S = 2, it was identified with

First Order Stochastic Dominance (FOSD) of µ over π.20 Note that optimism gave rise to

the property
∑

t v
IC
t (2) >

∑
t v

IC
t (1), and as a consequence Eµ

∑
t>0 v

IC
t > Eπ

∑
t>0 v

IC
t :

the consumer believes she can make a positive (utile) payoff while betting at market

odds. This is because we can interpret Eπ
∑

t>0 vt as the break-even cost of betting

against a sophisticated, risk-neutral individual, or the market. It turns out that this

arbitrage property is the key feature determining borrowing behavior. However, due

to the strategic interaction among selves, when S > 2 defining optimism on the sole

basis of the stochastic order properties of beliefs does not generally lead to the arbitrage

property. Thus, hereafter we identify optimism directly with the belief that one can

make (unbounded amounts of) money while betting at market odds.

To make the presentation smoother, we focus again hereafter on environments where

the sophisticated allocation is strongly interior. This is implied by an Inada condition,

A2.3 limx→0 v
′(x) =∞.

Note that under A2.3 v is strictly concave. Naïveté is defined in opposition to

pessimism. Consider the problem

max
mt,t>0

Eµ
∑
t>0

δtmt − Eπ
∑
t>0

δtmt s. to mt satisfies IC. (P)

We say that the unsophisticated consumer is pessimistic if problem (P) has a solution.

Otherwise, we say that the consumer is naïve or optimistic.
20Recall that, for π̂, µ̂ ∈ ∆(S), π̂ first order stochastic dominates µ̂ if∑

s′≤s
π̂(s′) ≤

∑
s′≤s

µ̂(s′), all s,

with at least one strict inequality.
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In problem (P), a (risk neutral) consumer is betting on incentive compatible money

profiles, mt, t > 0. Her (believed) expected revenue is Eµ
∑

t>0 δ
tmt. Instead, the break-

even cost of betting against a sophisticated individual, or the market, is Eπ
∑

t>0 δ
tmt.

The objective in (P) is then the consumer’s expected profit. A solution to (P) exists

if and only if the expected profit is nonpositive for all incentive compatible, admissible

bets mt, t > 0, and then its value is zero. Thus, the unsophisticated consumer is a

pessimist if she thinks she cannot make money betting against the market, or against a

sophisticated consumer.

Often, but not always, pessimism ensues when the consumer thinks that she is more

likely to be less patient than what she actually will turn out to be. In other words,

existence of a solution to problem (P) is often related to the ranking of the transitions

π and µ in terms of first order stochastic dominance. For example, in the simple setting

a consumer is pessimistic if and only if π(s0, ·) FOSD µ(s0, ·). However, beliefs compar-
ison via first order stochastic dominance will not be enough to determine pessimism in

general. In the Appendix, we explore related notions of pessimism which are only based

on beliefs comparison.

The next lemma characterizes pessimism and generalizes the conclusions on pes-

simism reached in the simpler economy with T = S = 2.

Lemma 1 Under A1 and A2, an unsophisticated individual behaves as a sophisticate if
and only if she is a pessimist.

Thus, when the consumer is not pessimistic, the sophisticated allocation cannot be

IC-optimal. False beliefs have an effect on the consumer. The proof of Lemma 1 requires

a preliminary closer study of the optimal sophisticated and unsophisticated allocations,

and the associated first order conditions, a task which we defer to the Appendix.

Armed with a characterization of pessimism, we can state the effects of naïveté on

borrowing behavior.

Proposition 2 Under A1 and A2:
i) if 1/v′ is strictly concave, the naïve individual strictly underborrows;

ii) if 1/v′ is strictly convex, the naïve individual overborrows.21

21It follows that in the class of constant relative risk aversion utilities, v = ln separates under- from
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In the absence of risk aversion —that is, when v is linear—A2.3 fails. An optimistic

risk neutral consumer then may behave as a sophisticate; much depends on the details

of π, µ, and δ, ρ, and we cannot come to sharper conclusions than those obtained in

Proposition 1.

4.2.2 Welfare

We now explore the welfare consequences in terms of long-run preferences. Throughout,

we maintain A2.1, so that π has full support, and A2.3 —or an Inada condition.

Recall that here u0 = v0/β0. We are comparing

WC(r, T ) = maxEπ
∑
t≤T

δtvt s. to Eπ
∑
t≤T

ρtv−1(vt) ≤ r

withW IC(r, T ) = Eπ
∑

t≤T δ
tvICt (r, T ). Again, we observe thatWC(r, T )−W IC(r, T ) ≥

0 for all r, T , as the vICt (r, T ), t ≥ 0 solution is in the constraint set of the time consistent

sophisticate.

We now establish that the ineffi ciency due to naïve present bias does not vanish

asymptotically. To this end, we say that an individual is T ∗-naïve if she is naïve for

some T ∗ > 1.

Proposition 3 Let v be bounded, and 1 > ρ ≥ δ and β0 = β(s) for some s ∈ S. Under
A1 and A2, for any T ∗-naïve consumer limT W

C(r, T )−W IC(r, T ) > 0, all r.

Citanna et al. (2022b) already established, in fully naïve environments, that the

limitWC(r, T )−W IC(r, T ) as T grows arbitrarily large stays positive for r large enough.

Thus, we already knew that naïve present bias can have negative welfare consequences

for consumers even when markets otherwise function well —i.e., in the absence of market

power or of adverse selection problems. The additional conclusion here is that uncer-

tainty over the procrastination parameter β induces permanent welfare losses no matter

the consumer’s expected lifetime income r. This is in stark contrast to what found by

over-borrowing. When v = ln, partially naïve individuals and sophisticates choose identical saving
(recall that for these utilities the consumption space lower bound must be raised to x > 0 to have
v(x) > −∞). Consumers with more concave utility than ln (1/v′ convex) will overborrow.
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Gottlieb and Zhang (2021)22, i.e., the asymptotically vanishing ineffi ciency due to naïve

present bias.

4.3 The case with imaginary selves

Without A2.1 there are imaginary selves —histories st with µ(st|s0) > 0 but π(st|s0) = 0.

In general, vt(st) is no longer guaranteed to be bounded away from v(∞) —particularly

when v is bounded, i.e., v(∞) < ∞. When vt(st) = v(∞) for some st, we say there is

‘imaginary satiation’. If vt(st) < v(∞) for all st, we say that there is ‘nonsatiation for

the imaginary self’. With risk aversion, the interplay between satiation over imaginary

selves and the prudence-to-risk aversion ratio (the shape of 1/v′) determines borrowing

behavior. As long as the upper bound v(∞) is never binding, IMU holds and the

conclusions of Propositions 1 and 2.i hold true. A suffi cient condition that guarantees

that the utility upper bound is never binding, even when the π-probability is zero for

some history st, is as follows. Let S = {1, ...s̄}.

A2.1’

(
1 + β s̄

∑
t>0 δ

t

βT−1
1

)T−1V ∗∗T < v(∞)

where V ∗∗T is the maximum future utility achievable over the feasible set at some

contingency of positive π-probability. We then obtain the following.

Proposition 4 Under A1, A2.1’ and A2.2 hold. i) If 1/v′ is concave, the unsophis-

ticated individual does not overborrow, and the naïve individual strictly underborrows.

ii) If v is bounded, and 1 > ρ ≥ δ and β0 = β(s) for some s ∈ S, for any T ∗-naïve

consumer limT W
C(r, T )−W IC(r, T ) > 0, all r consistent with A2.1’.

Without A2.1, though, Proposition 2.ii may not extend. Indeed, when the function

1/v′ is convex, the consumer’s borrowing behavior now depends on her level of naïveté.

22Gottlieb and Zhang (2021, Theorem 1) claimed a vanishing ineffi ciency for all r provided utility v
is bounded. This statement is corrected in Citanna, Gottlieb, Siconolfi and Zhang (2022a), where it is
shown to apply only for small values of r.
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When her subjective assessment µ and π are suffi ciently close to full naïveté, under

nonsatiation and following Citanna et al. (2022b) she will not overborrow.23

Thus, under nonsatiation, concavity of 1/v′ leads to borrowing properties more robust

in beliefs. Instead, under satiation, or in environments where only vt ≤ v(∞) can be

binding, the inequality in IMU gets reversed, and the conclusions become symmetric:

from
1

u′0
≥
(ρ
δ

)t
Eπ

1

v′t

and convexity of 1/v′ we obtain overborrowing, strict under optimism. Thus, under

satiation, it is convexity of 1/v′ that leads to more robust borrowing properties.
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5 Appendix A

Throughout the appendix, we use the nimbler notation βs for β(s) and ρ̂ for ρ/δ. Also,

we let µ(st) be the probability of history st under the transition µ.

We prove Proposition 1 and Lemma 1 in steps. We develop first order conditions for

the sophisticated problem and the IC-problem (in the utility space). Under A1 and A2.1,

standard arguments yield existence of a solution to the sophisticated and unsophisticated

problems, where feasibility holds as equality. Indeed, under A2.1 feasibility creates an

upper bound on utiles vt which remain strictly below v(∞), and compactness of the

constraint set ensues. Further, under A2.2, u(xFB0 ) > u(0), and

u′(xFB0 )ρ̂t ≥ v′(xFB(st)), all st, (FOC*-FB)

with equality if v(st) > 0. If v is strictly concave, then the solutions are unique, and

vFBt (st) = vFBt , all st, all t > 0.

Next, we characterize the first order conditions for the IC-problem. The IC-problem

in the utility space is convex, as the incentive constraints are now linear in utiles. They

can be expressed as M −→v ≥ 0, for an appropriate matrix M having as many rows

as the number of incentive constraints, and as many columns as histories st, properly

arranged in ascending order while respecting the time order, and −→v is the correspond-

ingly arranged utile vector. The KT conditions are necessary and suffi cient if a Slater

constraint qualification condition holds – that this is the case it is shown separately

below, in Appendix B.

As A2.1 implies vt < v(∞), all t > 0, at any IC-effi cient allocation, then u0, vt, t > 0

is a solution to the IC-problem with u0 > u(0) if and only if there is a vector α > 0 of

multipliers such that, for all st and all t > 0,

αM(st) ≤ ρtu′0
v′(st)

π(st)− δtµ(st), (FOC(st))

with equality if v(st) > 0. Next, for an arbitrary t > 0 consider the pooling vt′(t),

t′ > 0, defined as: vt′(t) = 1, if t′ = t; while vt′(t) = 0 otherwise. As M −→v = 0 for

all pooling processes vt, t > 0, it is
∑

stM(st) = 0. From FOC(st) and using the fact
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∑
stM(st) = 0, we immediately derive the key consequence.

Auxiliary Lemma 1 Under A1 and A2.1, if at a solution to the IC-problem u0 > u(0),

then an inverse marginal utility inequality holds,

1

u′0
≤ ρ̂tEπ

1

v′t
, all t > 0. (IMU)

We are now in a position to prove Proposition 1.

Proof of Proposition 1: By contradiction, suppose that uIC0 > uFB0 , and then

uFB0 < u(r). By concavity of u,

u′(xFB0 ) ≥ u′(xIC0 ), (*)

while from feasibility there exists t > 0 such that

Eπ(xFBt ) > Eπ(xICt ) ≥ 0. (**)

In either case, as uIC0 > u(0), by IMU and Jensen’s inequality applied to 1/v′, at such t

we get the inequality

1

u′(xIC0 )
≤ ρ̂tEπ(

1

v′(xICt )
) ≤ ρ̂t

1

v′(Eπ(xICt ))
⇔ ρ̂tu′(xIC0 ) ≥ v′(Eπ(xICt )).

Combining this inequality with (**) and concavity of v, and using (*), we obtain

ρ̂tu′(xIC0 ) ≥ v′(Eπ(xICt )) ≥ v′(Eπ(xFBt )) = ρ̂tu′(xFB0 ). (***)

where the last equality comes from u(xFB0 ) > u(0) and from FOC*-FB.

If v is strictly concave, it is Eπ(xFBt ) = xFBt and v′(Eπ(xFBt )) = v′FBt . Then, by in-

equality (**), v′(Eπ(xICt )) > v′FBt . If u is strictly concave, (*) holds as a strict inequality.

In either case, (*) and (***) combined lead to u′(xFB0 ) > u′(xFB0 ), an absurd yielding a

contradiction. �
FOC*-FB and FOC(st) can also be used to prove Lemma 1 and, in turn, Proposition

2.
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Proof of Lemma 1: Under A2.1 and A2.3, and v strictly concave, both the IC-
effi cient and the sophisticated allocations are unique and strongly interior. If the so-

phisticated allocation is the solution to the IC-problem, under the Slater condition the

corresponding linearized problem

max∆u0,∆vt,t>0 ∆u0 + Eµ
∑

t>0 δ
t∆vt s. to

M
−→
∆v ≥ 0,

1
u′FB0

∆u0 + Eπ
∑

t>0
ρt

v′FBt
∆vt ≤ 0,

has (zero as) a solution. Since feasibility holds as equality, and taking into account that

1/u′FB0 = ρ̂t/v′FBt (st), all st > 0, after substituting out for ∆u0, the problem equivalently

becomes problem (P).

Conversely, if linear problem (P) has a solution, then there cannot be any incentive

compatible vector −→v such that Eµ
∑

t>0 δ
tvt − Eπ

∑
t>0 δ

tvt > 0.

By Farkas’Lemma, there exists a vector α > 0 such that

αM(st) = δt(π(st)− µ(st)), (*)

all st. Now recall that vFBt (st) = vFBt > 0, and u′FB0

v′FBt
ρt = δt, while FOC(st) reads

αM(st) =
u′0

v′(st)ρ
tπ(st) − δtµ(st). Thus, (*) is FOC(st) computed at the sophisticated

allocation. As the solution to the convex IC-problem is unique, the FB-allocation is the

solution to the IC-problem, as wanted.�
We are now ready to prove Proposition 2.

Proof of Proposition 2: (i) We argue by contradiction so that by Proposition 1
we assume that uIC0 = uFB0 = u0. If v is strictly concave IC and FB solutions are unique

and by A2.3 they are strongly interior. Therefore by IMU and
∑
M(st) = 0 the IC

solution satisfies
1

u′0
= Eπ

ρ̂t

(vICt )′
≥ ρ̂t

v′t(EπxICt )
, all t > 0, (])

with strict inequality if the r.v. xICt displays variability.

By strict concavity of v, it is Eπ(xFBt ) = xFBt , so that by (]) it is xFBt = EπxICt if xICt
is degenerate, while xFBt > EπxICt if xICt displays variability. The latter together with

Lemma 1 contradicts feasibility.
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The proof of (ii) follows a very similar argument, and is left to the reader.�

Proof of Proposition 3: Fix r and drop reference to it throughout. Let vκt (T ), t ≤
T be a solution to the T -horizon problem κ = C, IC, and vκt (∞), t ≥ 0, a solution

process when T = ∞. Let V κ(T ) be the value of problem κ at T , and let W κ(T ) =

Eπ
∑

t≥0 δ
tvκt (r, T ). Finally, for each κ and T > 1 define φκ(T ) ∈ R∞ as φκt (T ) ≡ vκt (T )

if t ≤ T and φκt (T ) ≡ 0 if t > T . We consider sequences φκ(T ), T > 1.

Since π has full support and v is strictly concave, νκ(T ) exists, is unique and

vCt (st, T ) = vCt (T ) for all st, t′ ≤ T and t < t′. Thus, the following properties are

readily established (see, e.g., Citanna et al. (2022b) for (i) and (ii)).

Auxiliary Lemma 2 For all T > 1: i) vCt (T ) ≥ vCt′ (T ), t′ ≥ t for all t < T ; ii)

φCt (T ) ∈ [0, v(r)] all t ≥ 0, with vC0 (T ) ∈ [v((1 − ρ)r), v(r)]; for κ = C, IC, iii)

W κ(T ) ∈ [0, v(r)
1−δ ]; iv) φ

κ(T )→ vκ(∞) pointwise, and both W κ(T )→ W κ(∞) and

V κ(T )→ V κ(∞).

By Auxiliary Lemma 2.iv, φC(T ) → vC(∞) pointwise, vC(∞) solves the C-problem

for T =∞ andWC(∞) = limT→∞W
C(T ) =

∑
t≥0 δ

tvCt (∞). Similarly since φICt (st, T ) ∈
[0, 1], and since W IC(T ) < v(r)

1−δ , W
IC(∞) = limT→∞W

IC(T ) = Eπ
∑

t≥0 δ
tvIC∞,t for

any subsequence {φIC(T )}T>1 (without loss of generality, the sequence itself) such that

φIC(T )→ vIC∞ pointwise.

To avoid the possibility that limT→∞ v
IC(st, T ) = 1, pick λ ∈ (0, 1) and consider the

process φλ(T ) = λφC(T ) + (1 − λ)φIC(T ). For all T > 1, W IC(T ) ≤ W λ(T ) ≤ WC(T )

by linearity, and
∑

t≥0 ρ
tEπv−1(φλt (T )) ≤ r by the convexity of v−1, and for all t ≥ 0,

φλt (T ) ∈ [0, v̄λ], where v̄λ = λv(r) + 1 − λ < 1 since vCt (T ) ∈ [0, v(r)]. As φλ(T )

is bounded, uniformly in T , at no loss of generality φλ(T ) → vλ∞ pointwise, and by

linearity vλ∞ = λvC(∞) + (1 − λ)vIC∞ . Since v
−1(φλt (T )) ∈ [0, v−1(λv(r) + 1 − λ)], and

since both
∑

t≥0 δ
tEπvt and

∑
t≥0 ρ

tEπv−1(vt) are continuous function on ×t ×st [0, v̄λ],

we get

lim
T→∞

W λ(T ) = Eπ
∑
t≥0

δtvλ∞,t = W λ(∞), and

lim
T→∞

Eπ
∑
t≥0

ρtv−1(φλt (T )) =
∑
t≥0

ρtEπv−1(vλ∞,t) ≤ r.
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Therefore, vλ∞ belongs to the constraint set of the C-problem at T = ∞. Then, if
vλ∞ 6= vC(∞), by the strict convexity of v−1 it must be that W λ(∞) < WC(∞) (and

therefore, the thesis follows). Thus, to conclude the argument we need to show that

vλ∞ 6= vC(∞). Argue by contradiction by assuming that vλ∞ = vC(∞), and therefore

that vIC∞ = vC(∞) and φIC(T )→ vC(∞), pointwise.

Consider the set of processes Φ(T ∗) = {φt, t ≥ 0 : φt = vCt (∞), t > T ∗}, and the
problem

max
(φt,t≥0)∈Φ(T ∗)

φ0

β0

+
∑
t>0

δtEµφt s. to B, F, IC. (T*)

Since (φt, t ≥ 0) ∈ Φ(T ∗), the IC-constraints in the problem (T*) are the T ∗-horizon IC

constraints, and its FOC are the FOC of the IC problem with horizon T ∗ and resources

r −
∑

t>T ∗ ρ
tEπv−1(vCt (∞)). Further, vC(∞) is in the constraint set of the T*-problem,

but by T ∗-naïveté and Lemma 1, it cannot be an optimal solution to the T*-problem.

Denoting by v̂∞ a solution to the T*-problem, by strict concavity v̂∞ 6= vC(∞) = vIC∞ .

Let V denote the value of the T ∗-problem, and let V IC =
vIC∞,0
β0

+
∑

t>0 δ
tEµvIC∞,t. Then

T ∗-naïveté implies

V IC =
vIC∞,0
β0

+
∑
t>0

δtEµvIC∞,t < V =
v̂∞,0
β0

+
∑
t>0

δtEµv̂∞,t.

Since φIC(T ) → vIC∞ = vC(∞) and since φC(T ) is uniformly bounded, it is V C = V IC .

Therefore, for T high enough

φIC0 (T )

β0

+
∑
t>0

δtEµφICt (T ) <
v̂∞,0
β0

+
T∑
t=1

δtEµv̂∞,t.

By definition φICt (T ) = vICt (T ), t ≤ T is an optimal solution to the IC problem at T .

On the other hand, v̂∞,t, t ≤ T , belongs to constraint set of the IC problem at T thereby

turning the inequality above into a contradiction.�

Proof of Proposition 4: It suffi ces to show that, for every T > 1 and under A2.1’,

vt ≤ (
1 + β s̄

∑
t>0 δ

t

(β1)T−1
)T−1V ∗∗T < v(∞), all t > 0, (BB)
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for any process vt, t > 0 in the constraint set of the IC-problem. Then, since the

constraint set is then nonempty and compact in the standard Euclidean topology, a

finite solution to the IC-problem exists via Weierstrass Theorem. If so, it is vt < v(∞),

all t > 0, and it is an easy step to see that IMU holds, and the conclusions of Proposition

1 hold. We now show that a solution exists.

The argument to show that BB holds is broken in two steps. Let u0, vt, t > 0 be

in the constraint set of the IC-problem, and let W (st|s) = Es,µ
∑

τ>t δ
τ−tvτ1{sτ�st}, all

s ∈ S.
Step 1: v(st) = h ∈ [0, v(∞)] implies

W (sτ |s) ≥ (β1)t−τ−1h, all s ∈ S, all τ < t.

Proof: Let τ = t− 1. By the incentive constraints IC, and v ≥ 0 while β s̄ < 1, it is

v(st−1, s) +W (st−1, s|s) ≥ v(st−1, s) + βsW (st−1, s|s) ≥ (1)

v(st) + βsW (st|s) ≥ h, for all s.

This implies

W (st−1|s′) =
∑
s

µ(s|s′)[v(st−1, s) +W (st−1, s|s)]

= Es′,µ[v(st−1, s) +W (st−1, s|s)] ≥ h,

all s′ ∈ S, i.e., the statement at τ = t− 1. Assume now by induction that the statement

holds for τ < t− 1, and consider (sτ−1, s), with s 6= sτ . Then,

v(sτ−1, s) +W (sτ−1, s|s) ≥ v(sτ−1, s) + βsW (sτ−1, s|s)
≥ v(sτ ) + βsW (sτ |s) ≥ βsβ1

t−τ−1h ≥ βt−τ1 h.

Therefore,

W (sτ−1|s′) = Es′,µ[v(sτ−1, s) +W (sτ−1, s|s)] ≥ βt−τ1 h,

all s′ ∈ S, i.e., the statement is true at τ − 1, as wanted. �
Let K =

1+βs̄
∑
t>0 δ

t

(β1)T−1 . It is K ≥ 1.
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Step 2: It is vt ≤ KT−1V ∗∗T for all (u0, vt, t > 0) elements of the constraint set in

the IC-problem.

Proof: Let (u0, vt, t > 0) be an element of the constraint set in the IC-problem. We

show that for each t < T and history st with π(st) > 0, v(sτ ) ≤ KT−(t+1)V ∗∗T , for all

sτ � st. Therefore, for t = 0, v(st) ≤ KT−1V ∗∗T , all s
t, t > 0.

The argument is by backward induction. For t = T − 1, the incentive constraints

imply that v(sT−1, s) = vT (sT−1), for all s. Hence, as π(sT−1) > 0 implies π(sT−1, s) > 0

for some s, it is v(sT−1, s) ≤ V ∗∗T , and then

v(sT−1, s) = vT (sT−1) ≤ V ∗∗T and v(sT−1) ≤ V ∗∗T , all s
T−1 with π(sT−1) > 0,

proving the first step of the induction argument (with KT−T = 1).

Suppose now the statement is true for t < T − 1 and all sτ � st with π(st) > 0. We

show that is true at t − 1. As π(st−1) > 0, feasibility implies v(st−1) ≤ V ∗∗T . By the

induction assumption v(sτ ) ≤ KT−(t+1)V ∗∗T , for all s
τ � st if π(st) > 0. Therefore, for

all st with π(st−1, st) > 0, it is

v(st) + βstW (st|st) ≤ (1 + βst

∑
τ>t

δτ−t)KT−(t+1)V ∗∗T .

Consider now (st−1, s) with π(st−1, s) = 0. Let h(st−1, s) = maxsτ�(st−1,s) v(sτ ) = v(sτ
∗
)

some τ ∗ ≥ t. From Step 1, and v ≥ 0,

v(st−1, s) + βstW (st−1, s|st) ≥ (β1)T−th(st−1, s)].

Therefore, by the incentive constraint associated to st and such (st−1, s), it is

v(st) + βstW (st|st) ≥ v(st−1, s) + βstW (st−1, s|st) ≥ (β1)T−th(st−1, s),
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thereby implying, for all (st−1, s) with π(st−1, s) = 0,

h(st−1, s) ≤
1 + βst

∑
τ>t δ

τ−t

(β1)T−t
KT−(t+1)V ∗∗T

≤
1 + β s̄

∑
t>0 δ

t

(β1)T−1
KT−(t+1)V ∗∗T = KT−tV ∗∗T .

Thus, v(sτ ) ≤ KT−tV ∗∗T for all sτ � st−1 and π(st−1) > 0, as wanted, concluding the

argument. �

6 Appendix B

6.1 Pessimism: Further analysis

A more detailed use of the first order conditions for the IC-problem allows to discuss a

couple of notions of pessimism only based on belief comparison.

Let πt(s) =
∑

st−1 π(s|st−1)π(st−1) be the t-th iterate of the initial distribution over

selves through the transition π, and similarly we define µt. We say that the unsophisti-

cated consumer is mean pessimistic if πt FOSD µt for every t > 0. 24

The consumer is strongly pessimistic if π(·|s) FOSD µ(·|s) for all s ∈ S. Strong

pessimism is the statement that every self thinks she is going to be less patient than

what she actually is. When selves are independently and identically distributed under

the subjective transition µ, i.e., µ(·|s) = µ(·) all s ∈ S, we say that selves are subjectively
i.i.d..

Proposition 5 Under A1 and A2, when v is strictly concave:
i) an unsophisticated individual behaves as a sophisticate only if she is a mean pes-

simist;

ii) when selves are subjectively i.i.d., pessimism and strong pessimism coincide.

By (ii), when subjective beliefs are common across all selves, pessimism can be

equivalently be expressed only in terms of conditionals.

24If the initial distributions π(·|s0),µ(·|s0) coincide with the invariant probability vectors of the
transitions then π(·|s0) FOSD µ(·|s0) implies mean pessimism.
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Proof: We use the notation βs, as introduced at the beginning of Appendix A, and
we set δ = 1 at no loss, to simplify the notation. Let S = {1, ...s̄} where s̄ ≥ s, all s ∈ S.
(i) We simplify the IC-problem by eliminating the global constraints for each st−1

and t > 0. Letting

φs =


2 if s = 1

s± 1 if 1 < s < s̄

s̄− 1 if s = s̄.

the local IC constraints are written as

vt(s
t−1, s) + βsEs,µ

∑
τ>t

vτ ≥ vt(s
t−1, φs) + βsEs,µ

∑
τ>t

vτ (φs, t).

Thus, using matrix M introduced earlier (just before Auxiliary Lemma 1), we have re-

placed the IC constraints M −→v ≥ 0 with the IC constraints M ′−→v ≥ 0, where M ′ is

the matrix obtained from M by deleting the rows indexed by (st, s), s 6= φs. Using βs
increasing in s, it is clear that the local constraints imply the global ones. Thus, the sim-

plified problem is equivalent to the IC-problem. Expression FOC(st) above shows that

necessary and suffi cient conditions for optimality in the simplified problem, computed

at a strongly interior FB-effi cient allocation, read exactly as

α′M(st) = π(st)− µ(st), (GP’)

for all st and every t > 0, where α′ is a vector of multipliers. Hence, by uniqueness

of a solution, FOC(st) has a solution α ≥ 0 if and only if GP’has a solution α′ ≥ 0.

Hereafter, we explicitly compute the first order conditions of the simplified problem.

For a given pair process (α+, α−)t , t > 0, and for any function x = (x(s))s∈S and any

positive t < T and s ∈ S, let

A(α, x, st) = [α+(st) + α−(st)]x(st)

−α+(st−1, st − 1)x(st − 1)− α−(st−1, st + 1)x(st + 1),

where α−(st−1, 1) ≡ α−(st−1, s̄+1) ≡ 0, and α+(st−1, 0) ≡ α+(st−1, s̄) ≡ 0. When x(s) =

βs we write A(α, β, st). When x(s) = βsµ(st+1,t′|s), for t < t′, we write A(α, βµt
′
, st);

34



and when we want to stress element st′ of st+1,t′ we write A(α, βµt
′,st′ , st). Finally, when

x(s) = 1, we simply write A(α, 1, st) ≡ A(α, st).

Equation α′M ′(st−1, s) = π(st−1, s)− µ(st−1, s) now reads

A(α, st) +
∑
τ<t

A(α, βµt,st , sτ ) = π(st)− µ(st). (2)

Using a recursive argument, it is seen that this system of equations has a unique solution

given by

α̂−(st−1, s) = γ(α̂; st−1, s)
1− βs−1

βs − βs−1

α̂+(st−1, s− 1) = γ(α̂; st−1, s)
1− βs

βs − βs−1

for all s > 1, all st−1 and all positive t, with the usual conventions for s = 1, s̄, where

function γt(α) is defined recursively via

γ(α; 0, s) =
∑
s′≥s

[π(s′)− µ(s′)],

and for t > 1, any history st−1 and any s,

γ(α; st−1, s) =
∑
s′≥s

[π(st−1, s′)− µ(st−1, s′)−
∑
τ<t

A(α, βµt,s
′
, sτ )].

Thus, by the definition of α̂, α̂ ≥ 0 if and only if γ(α̂; st−1, s) ≥ 0. Finally, notice that∑
sτ

A(α, βµt,s
′
, sτ ) = 0 (‡)

which, since τ < t, implies∑
st−1

Aτ (α, βµ
t,s′ , sτ ) = 0, all τ < t.

Thus, summing γ(α̂; st−1, s) across st−1 and using A2.3, i.e., strong interiority, the defi-
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nition of γ and α̂, and of FOSD, we obtain the claim.�
(ii) As µ(·|s) = µ(·) all s ∈ S, µ(sτ+1,t|s) = µ(sτ+1,t), all s ∈ S, and A(α, βµt, sτ ) =

µ(sτ+1,t)A(α, β, sτ ). We are going to show that, for any process α and for all histories

st and positive t < T ,

A(α, β, st) = π(st−1)[π(st|st−1)− µ(st)]. (3)

First, writing (2) at t+ 1 and summing over st+1, and using (‡), it is

A(α, β, st) = π(st)− µ(st)−
∑
τ<t

A(α, βµt, sτ ). (B(t))

Equation B(t) immediately implies (3) at t = 1. Suppose (3) is true at t − 1 > 0.

Rearranging B(t− 1), we obtain

A(α, β, st−1) +
∑
τ<t−1

µ(sτ+1,t−1)A(α, β, sτ ) = π(st−1)− µ(st−1).

Thus, using independence,

A(α, β, st) = π(st)− µ(st)− µ(st)[A(α, β, st−1) +
∑
τ<t−1

µ(sτ+1,t−1)A(α, β, sτ )]

= π(st)− π(st−1)µ(st),

i.e., (3) at t, as wanted. Thus, again using B(t),∑
τ<t

µ(sτ+1,t)A(α, β, sτ ) = π(st−1)µ(st)− µ(st)

and plugging this expression into γt, it is

γ(α; st−1, s) =
∑
s′≥s

[π(st−1, s′)− µ(st−1, s′)− (π(st−1)µ(s′)− µ(st−1, s′)]

= π(st−1)
∑
s′≥s

[π(s′|st−1)− µ(s′)].

The conclusion now follows from the definition of α̂.�
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We now show that the uniqueness of α̂ statement in the above proposition implies

that a Slater constraint qualification condition holds for the IC-problem, and the KT

conditions are thus both necessary and suffi cient for a solution, as assumed in the paper.

Recall the definition of matrix M .

Auxiliary Lemma (Slater) There exists a vt, t > 0 such that constraints F, B and

IC hold with strict inequality.

Proof : By translating by a strictly positive constant and multiplying by suffi ciently
small positive scalar, it suffi ces to show that there is a v̄ such that M −→̄

v � 0. As we

argued in the previous proposition, αM = 0 has the unique solution α̂ = 0. Thus, for

every st and t > 0 there is no solution (α\st , 1) with α\st ≥ 0 to α\stM\st + Mst = 0,

where M\st is matrix M ′ without row st, and Mst is its st-th row. This implies via

Farkas’Lemma the existence of a vector vs
t
such that M\stvs

t ≥ 0 and Mstv
st > 0.

Then, v̄ =
∑

t,st v
st gives the desired vector.�

6.2 A closed economy

It is straightforward to twist the baseline model to limit all agents’ability to borrow,

including firms —as in a closed economy. We add (a continuum of) time-consistent

individuals to the economy, with intertemporal discount rate equal to δ2 ≤ 1. For

the sake of simplicity we assume that time consistent and time inconsistent individuals

have identical population size. Utilities, endowments and net trades are indexed by

superscript i = 1, 2. Beyond A1-A2, we assume that also u2, v2 are differentiable, strictly

increasing and concave, and yit(s
t) > 0, all st, and t ≥ 0, all i. Market clearing at each

date t now is ∑
i

Eπ(xit − yit) ≤ 0, all t ≥ 0,

Effi ciency notions now include both (observable) types of individuals, and are defined in

a straightforward manner. A first best ui,FB0 , vi,FBt , t > 0, i = 1, 2 is the solution to the
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sophisticated consumer problem,

maxui0,vit,t>0 u
1
0 + Eµ

∑
t>0 v

1
t s. to

u2
0 + Eπ

∑
t>0 δ

tv2
t ≥ v̄2∑

i[(u
i)−1(ui0)− yi0] ≤ 0∑

i Eπ[(vi)−1(vit)−
∑

i y
i
t] ≤ 0, t > 0

ui0 ≥ 0, vit ≥ 0, all t > 0, all i.

where v̄2 is a utility level parametrizing effi cient allocations. An IC-effi cient allocation

that favors naïve present-biased consumers must solve the same problem but with in

addition the incentive constraints for i = 1. Although now market clearing introduces

an upper limit on net trades, it is evident that even in this variation the borrowing

behavior results go through essentially unaltered. In particular, under concavity of

1/v1′, and for any fixed utility level for i = 2, the naïve individuals underborrow.

Proposition 6 Under A1 and A2, let 1/v1′ be concave. Then, for any type 2 individuals’

utility level, the naïve individual does not overborrow.

It remains an open question to see how naïve consumers with different subjective

preferences or probabilities µi behave relative to a population of sophisticates.
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